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Peculiar velocities

• Galaxies’ peculiar velocities can be estimated by combining measurements of their 
observed redshift with a distance indicator that enables us to infer the cosmological 
redshift independently

[Davis & Scrimgeour 2014; Watkins & Feldman 2015]
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Peculiar velocities

• Galaxies’ peculiar velocities can be estimated by combining measurements of their 
observed redshift with a distance indicator that enables us to infer the cosmological 
redshift independently 

• The power spectrum of peculiar velocities has been proposed as a powerful tool to 
complement traditional galaxy clustering

[Davis & Scrimgeour 2014; Watkins & Feldman 2015]

[Burkey & Taylor 2004; Iršič & Slosar 2011; Koda et al. 2014; 
Howlett et al. 2017a,b; Whitford et al. 2021]
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Peculiar velocities

Are peculiar velocity surveys competitive? 4275

Figure 5. Same as Fig. 4, but as a function of zmax instead of kmax. kmax is
fixed to 0.2 h Mpc−1.

Figure 6. Constraints on fσ 8 (upper panel) and β (lower panel) as a function
of galaxy number density (n̄ = ng = nu). See Fig. 4 for the description of
lines. The short-dashed lines are results from two fields using linear theory;
the one-loop RPT is used for other lines. Constraints on β from two fields
continue to decrease, while the constraint from RSD only is limited by
cosmic variance.

for k ! 0.1 h Mpc−1, where the non-linearity makes the difference.
In the figure, we plot the constraints using the linear power spectrum
with the blue short dashed lines.

3.2.2 Three free parameters: fσ 8, β, and rg

From galaxy density alone, the growth rate fσ 8 and galaxy corre-
lation coefficient rg are highly degenerate. BT04 pointed out that
peculiar velocity breaks this degeneracy and constrains rg extremely
well. Our result confirms this; the constraint on fσ 8 from the red-

shift survey weakens from 5 to 48 per cent, compared to the two-
parameter case (Section 3.2.1), while two-field data constrains rg

to 0.3 per cent, and fσ 8 to the same precision as the two-parameter
case. Peculiar velocity surveys can constrain growth rates, fσ 8 and
β, equally well even if we add rg as a free parameter.

3.2.3 Four free parameters: fσ 8, β, σ g, and σ u

Because the damping factor of the galaxy power spectrum, σ g, is
affected by complicated non-linear pairwise velocity (e.g. Scocci-
marro 2004), which depends on the galaxy population, σ g is often
treated as a nuisance parameter fitted against data. For the velocity
damping factor, σ u, we do not yet have a theoretical model. Without
knowing how it depends on cosmological parameters, we have to
treat it as a free parameter as well. We investigate the effects of
treating these damping factors as free parameters in this section.
Because we know the order of magnitude of these parameters and
know that they are positive, we add 100 per cent priors to the Fisher
matrix:

F σ prior
σgσg

= σ−2
g , F σ prior

σuσu
= σ−2

u . (20)

The constraints on fσ 8 and β weaken by about 20–30 per cent,
from 1.8 to 2.4 per cent on fσ 8, and from 2.0 to 2.4 per cent on
β, respectively. The constraint from redshift-distortion alone also
weakens from 5 to 10 per cent. We conclude that uncertainty in the
damping parameter has a moderate, but not severe, effect on the
forecast constraints.

3.2.4 Free cosmological parameters

Finally, we vary cosmological parameters, cold dark matter density
#ch

2, baryon density #bh
2, Hubble constant h, and spectral index

ns in addition to fσ 8 and β. We take the derivative with respect to
cosmological parameters numerically by generating power spectra
with cosmological parameters changed by ±1 per cent:

∂P

∂θi

≈ P (θi + %θi) − P (θi − %θi)
2%θi

, (21)

where %θ i = 0.01θ i. The constraint on β is unaffected, because
the relation between δg and u only depends on β, not on other
cosmological parameters in the linear order. The constraint on fσ 8

weakens from 1.8 to 2.2 per cent.
Since cosmological parameters are well constrained by the CMB,

we add the prior expected from the Planck observation (Planck Col-
laboration 2013). We use the forecast for the full Planck mission by
Perotto et al. (2006); we calculate the covariance matrix of #ch

2,
#bh

2, h, and ns, marginalized over the other parameters, using their
publicly available Markov chain Monte Carlo data.4 We add the
inverse of the covariance matrix to the Fisher matrix as an indepen-
dent prior from Planck. We do not add a prior on f or σ 8 from the
CMB, because model-dependent extrapolation to z = 0 is necessary
for such constraints. The Planck priors marginalized for each pa-
rameter are %#bh

2 = 0.00022, %#ch
2 = 0.0024, %h = 0.017, and

%ns = 0.0074.
After adding the Planck prior, the constraints on fσ 8 and β recover

the two-parameter constraint. We also vary all nine parameters,
θ = (f σ8,β, rg, σg, σu, #ch

2,#bh
2, h, ns), with the Planck prior.

The result is same as the four-parameter constraint with fσ 8, β, σ g,
and σ u. With the precise measurement from the CMB, the shape

4 lesgourg.web.cern.ch/lesgourg/codes/chains_0606227.html
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Figure 5. Same as Fig. 4, but as a function of zmax instead of kmax. kmax is
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of galaxy number density (n̄ = ng = nu). See Fig. 4 for the description of
lines. The short-dashed lines are results from two fields using linear theory;
the one-loop RPT is used for other lines. Constraints on β from two fields
continue to decrease, while the constraint from RSD only is limited by
cosmic variance.

for k ! 0.1 h Mpc−1, where the non-linearity makes the difference.
In the figure, we plot the constraints using the linear power spectrum
with the blue short dashed lines.
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well. Our result confirms this; the constraint on fσ 8 from the red-

shift survey weakens from 5 to 48 per cent, compared to the two-
parameter case (Section 3.2.1), while two-field data constrains rg

to 0.3 per cent, and fσ 8 to the same precision as the two-parameter
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Because the damping factor of the galaxy power spectrum, σ g, is
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marro 2004), which depends on the galaxy population, σ g is often
treated as a nuisance parameter fitted against data. For the velocity
damping factor, σ u, we do not yet have a theoretical model. Without
knowing how it depends on cosmological parameters, we have to
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Because we know the order of magnitude of these parameters and
know that they are positive, we add 100 per cent priors to the Fisher
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weakens from 5 to 10 per cent. We conclude that uncertainty in the
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cosmological parameters in the linear order. The constraint on fσ 8

weakens from 1.8 to 2.2 per cent.
Since cosmological parameters are well constrained by the CMB,

we add the prior expected from the Planck observation (Planck Col-
laboration 2013). We use the forecast for the full Planck mission by
Perotto et al. (2006); we calculate the covariance matrix of #ch

2,
#bh

2, h, and ns, marginalized over the other parameters, using their
publicly available Markov chain Monte Carlo data.4 We add the
inverse of the covariance matrix to the Fisher matrix as an indepen-
dent prior from Planck. We do not add a prior on f or σ 8 from the
CMB, because model-dependent extrapolation to z = 0 is necessary
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After adding the Planck prior, the constraints on fσ 8 and β recover

the two-parameter constraint. We also vary all nine parameters,
θ = (f σ8,β, rg, σg, σu, #ch

2,#bh
2, h, ns), with the Planck prior.

The result is same as the four-parameter constraint with fσ 8, β, σ g,
and σ u. With the precise measurement from the CMB, the shape

4 lesgourg.web.cern.ch/lesgourg/codes/chains_0606227.html

MNRAS 445, 4267–4286 (2014)Downloaded from https://academic.oup.com/mnras/article-abstract/445/4/4267/1069770
by guest
on 24 May 2018

Fr
ac

tio
na

l e
rr

or
 o

n 
gr

ow
th

 ra
te

, σ
(f

σ 8
)/

fσ
8

Maximum redshift, zmax

[Koda et al. 2014]
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Peculiar velocities

• Galaxies’ peculiar velocities can be estimated by combining measurements of their 
observed redshift with a distance indicator that enables us to infer the cosmological 
redshift independently 

• The power spectrum of peculiar velocities has been proposed as a powerful tool to 
complement traditional galaxy clustering 

• Surveys that directly measure peculiar velocities have demonstrated dramatic 
improvement on constraints on the growth of structure relative to galaxy clustering 
alone at low redshift

[Davis & Scrimgeour 2014; Watkins & Feldman 2015]

[Burkey & Taylor 2004; Iršič & Slosar 2011; Koda et al. 2014; 
Howlett et al. 2017a,b; Whitford et al. 2021]

[Carrick et al. 2015; Qin et al. 2019; Adams & Blake 2020; 
Said et al. 2020; Lai et al. 2022]
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Peculiar velocities
[Said et al. 2020]
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Peculiar velocities

• Galaxies’ peculiar velocities can be estimated by combining measurements of their 
observed redshift with a distance indicator that enables us to infer the cosmological 
redshift independently 

• The power spectrum of peculiar velocities has been proposed as a powerful tool to 
complement traditional galaxy clustering 

• Surveys that directly measure peculiar velocities have demonstrated dramatic 
improvement on constraints on the growth of structure relative to galaxy clustering 
alone at low redshift 

• What about the bispectrum, then?

[Davis & Scrimgeour 2014; Watkins & Feldman 2015]

[Burkey & Taylor 2004; Iršič & Slosar 2011; Koda et al. 2014; 
Howlett et al. 2017a,b; Whitford et al. 2021]

[Carrick et al. 2015; Qin et al. 2019; Adams & Blake 2020; 
Said et al. 2020; Lai et al. 2022]
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Polyspectra formalism

• Given an observable cosmological perturbation field  (e.g. galaxy number counts, 
peculiar velocities, …):

hX(k1) X(k2) X(k3)i = (2⇡)3 �D(k123) BX(k1, k2) , (2.2)

(2.3)

where �D is the Dirac-delta distribution. By ‘polyspectrum’ I shall refer to a generic n-point
correlator in Fourier space.

Since the bispectrum vanishes in the linear regime for Gaussian initial conditions, it
appears only at non-linear level. As long as perturbations are small, it is useful (and powerful)
to approach the non-linear regime perturbatively. By approximating the matter distribution
as an irrotational fluid, then gravitational instability can be fully described in terms of the
density contrast � and the velocity divergence ✓ := r · v. The density and velocity can then
be expanded about the linear solutions, which correspond to time dependent scalings of the
initial density field. Hence, it has been shown that in Fourier space we can write

�(k, z) =
1X

m=1

D
m(z) �

(m)(k) , (2.4)

✓(k, z) = �H(z) f(z)
1X

m=1

D
m(z) ✓

(m)(k) , (2.5)

where superscript ‘(m)’ denotes the mth perturbative order, D is the linear growth factor,
H the conformal Hubble factor, and f := �d ln D/d(1 + z) the growth rate—also, with an
abuse of notation, I have used the same symbol for a function and its Fourier transform.

With the use of recursion relations, it is then possible to express both density contrast
and velocity divergence as a function of the linear density contrast, namely


�
(m)(k)

✓
(m)(k)

�
=

Z

q1

. . .

Z

qm

�
(1)(q1) . . . �

(1)(qm)


Fm(q1, . . . , qm)
Gm(q1, . . . , qm)

�
(2 ⇡)3 �D(q1...m �k) , (2.6)

where Fm and Gm are, respectively, the mth-order (symmetrised) kernels for � and ✓, sub-
ject to F1 = G1 ⌘ 1. Hence, thanks to these remarkable results, the first non-vanishing
contribution to the bispectrum (at so-called ‘tree level’) takes the form

hX(k1) X(k2) X(k3)i = hX
(1)(k1) X

(1)(k2) X
(2)(k3)i + 2 ki , (2.7)

where ki is a shorthand notation for cyclic permutations over k1, k2, and k3 = �k12.

2.1 Galaxy clustering

In the case of galaxy clustering, that is, the summary statistics of galaxy number counts
fluctuations, both the power spectrum and the bispectrum have been studied extensively,
and they represent the main target of most of present and oncoming observational campaigns
for cosmology. In this case, the field X(x) is

�g(x) :=
ng(x) � n̄g

n̄g
, (2.8)

where ng(x) is the comoving number density of galaxies in a given volume at (comoving)
location x, whereas n̄g its the mean number density in said volume. Then, we link the galaxy
overdensity field to the underlying matter density field via a bias expansion of the form [see
1, for an exhaustive review]

�g(x, z) =
X

O

bO(z) O(x, z) , (2.9)

– 2 –
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Polyspectra formalism

• Given an observable cosmological perturbation field  (e.g. galaxy number counts, 
peculiar velocities, …): 

• Fourier-space summary statistics for N-point correlation functions [polyspectra] 

• Auto-correlations only

hX(k1) X(k2) X(k3)i = (2⇡)3 �D(k123) BX(k1, k2) , (2.2)

(2.3)

where �D is the Dirac-delta distribution. By ‘polyspectrum’ I shall refer to a generic n-point
correlator in Fourier space.

Since the bispectrum vanishes in the linear regime for Gaussian initial conditions, it
appears only at non-linear level. As long as perturbations are small, it is useful (and powerful)
to approach the non-linear regime perturbatively. By approximating the matter distribution
as an irrotational fluid, then gravitational instability can be fully described in terms of the
density contrast � and the velocity divergence ✓ := r · v. The density and velocity can then
be expanded about the linear solutions, which correspond to time dependent scalings of the
initial density field. Hence, it has been shown that in Fourier space we can write
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H the conformal Hubble factor, and f := �d ln D/d(1 + z) the growth rate—also, with an
abuse of notation, I have used the same symbol for a function and its Fourier transform.
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where Fm and Gm are, respectively, the mth-order (symmetrised) kernels for � and ✓, sub-
ject to F1 = G1 ⌘ 1. Hence, thanks to these remarkable results, the first non-vanishing
contribution to the bispectrum (at so-called ‘tree level’) takes the form
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(1)(k1) X

(1)(k2) X
(2)(k3)i + 2 ki , (2.7)
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2.1 Galaxy clustering

In the case of galaxy clustering, that is, the summary statistics of galaxy number counts
fluctuations, both the power spectrum and the bispectrum have been studied extensively,
and they represent the main target of most of present and oncoming observational campaigns
for cosmology. In this case, the field X(x) is

�g(x) :=
ng(x) � n̄g

n̄g
, (2.8)

where ng(x) is the comoving number density of galaxies in a given volume at (comoving)
location x, whereas n̄g its the mean number density in said volume. Then, we link the galaxy
overdensity field to the underlying matter density field via a bias expansion of the form [see
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Polyspectra formalism

• Given an observable cosmological perturbation field  (e.g. galaxy number counts, 
peculiar velocities, …):  

• Fourier-space summary statistics for N-point correlation functions [polyspectra] 

• Auto-correlations only 

• Power spectrum

hX(k1) X(k2) X(k3)i = (2⇡)3 �D(k123) BX(k1, k2) , (2.2)

(2.3)

where �D is the Dirac-delta distribution. By ‘polyspectrum’ I shall refer to a generic n-point
correlator in Fourier space.

Since the bispectrum vanishes in the linear regime for Gaussian initial conditions, it
appears only at non-linear level. As long as perturbations are small, it is useful (and powerful)
to approach the non-linear regime perturbatively. By approximating the matter distribution
as an irrotational fluid, then gravitational instability can be fully described in terms of the
density contrast � and the velocity divergence ✓ := r · v. The density and velocity can then
be expanded about the linear solutions, which correspond to time dependent scalings of the
initial density field. Hence, it has been shown that in Fourier space we can write

�(k, z) =
1X

m=1

D
m(z) �

(m)(k) , (2.4)

✓(k, z) = �H(z) f(z)
1X

m=1

D
m(z) ✓

(m)(k) , (2.5)

where superscript ‘(m)’ denotes the mth perturbative order, D is the linear growth factor,
H the conformal Hubble factor, and f := �d ln D/d(1 + z) the growth rate—also, with an
abuse of notation, I have used the same symbol for a function and its Fourier transform.

With the use of recursion relations, it is then possible to express both density contrast
and velocity divergence as a function of the linear density contrast, namely

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where Fm and Gm are, respectively, the mth-order (symmetrised) kernels for � and ✓, sub-
ject to F1 = G1 ⌘ 1. Hence, thanks to these remarkable results, the first non-vanishing
contribution to the bispectrum (at so-called ‘tree level’) takes the form

hX(k1) X(k2) X(k3)i = hX
(1)(k1) X

(1)(k2) X
(2)(k3)i + 2 ki , (2.7)

where ki is a shorthand notation for cyclic permutations over k1, k2, and k3 = �k12.

2.1 Galaxy clustering

In the case of galaxy clustering, that is, the summary statistics of galaxy number counts
fluctuations, both the power spectrum and the bispectrum have been studied extensively,
and they represent the main target of most of present and oncoming observational campaigns
for cosmology. In this case, the field X(x) is

�g(x) :=
ng(x) � n̄g

n̄g
, (2.8)

where ng(x) is the comoving number density of galaxies in a given volume at (comoving)
location x, whereas n̄g its the mean number density in said volume. Then, we link the galaxy
overdensity field to the underlying matter density field via a bias expansion of the form [see
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1 Introduction

[Blah.]

1.1 Notation

Throughout the paper, vectors and matrices will respectively be rendered with boldface and
sans serif letters, e.g. vector v and matrix M. For three-dimensional vectors, e.g. comoving
position, we have r = r r̂, with r = |r| the magnitude and r̂ the direction. For wave-vectors
k, I use shorthand notation kij... = ki + kj + . . .. Angles are such that µi = r̂ · ki/ki is the
cosine of the angle between wave-vector ki and the line of sight r̂, whilst mij denotes the
cosine of the angle between wave-vectors ki and kj . Finally, I shall often denote internal
wave-vectors by qi (all that described above applies the same) and I adopt the following
notation, useful for Fourier-space integrals:

Z

q
:=

Z
d3

q

(2 ⇡)3
. (1.1)

2 Polyspectra formalism for galaxy clustering and peculiar velocities

For a generic observable X, be it fluctuations in galaxy number counts (GC, as per ‘galaxy
clustering’) or galaxy peculiar velocities (PV), we write its power spectrum and bispectrum
as1

hX(k1) X(k2)i = (2⇡)3 �D(k12) PX(k1) , (2.1)

1I opt for the use of BX(k1,k2), instead of the ubiquitous BX(k1,k2,k3), to emphasise that the closure
relation between the wave-vectors makes the dependence upon one of them redundant, much in the same way
as the power spectrum is PX(k1) and not PX(k1,k2).
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Polyspectra formalism

• Given an observable cosmological perturbation field  (e.g. galaxy number counts, 
peculiar velocities, …):  

• Fourier-space summary statistics for N-point correlation functions [polyspectra] 

• Auto-correlations only 

• Power spectrum 

• Bispectrum

hX(k1) X(k2) X(k3)i = (2⇡)3 �D(k123) BX(k1, k2) , (2.2)

(2.3)

where �D is the Dirac-delta distribution. By ‘polyspectrum’ I shall refer to a generic n-point
correlator in Fourier space.

Since the bispectrum vanishes in the linear regime for Gaussian initial conditions, it
appears only at non-linear level. As long as perturbations are small, it is useful (and powerful)
to approach the non-linear regime perturbatively. By approximating the matter distribution
as an irrotational fluid, then gravitational instability can be fully described in terms of the
density contrast � and the velocity divergence ✓ := r · v. The density and velocity can then
be expanded about the linear solutions, which correspond to time dependent scalings of the
initial density field. Hence, it has been shown that in Fourier space we can write

�(k, z) =
1X

m=1

D
m(z) �

(m)(k) , (2.4)

✓(k, z) = �H(z) f(z)
1X

m=1

D
m(z) ✓

(m)(k) , (2.5)

where superscript ‘(m)’ denotes the mth perturbative order, D is the linear growth factor,
H the conformal Hubble factor, and f := �d ln D/d(1 + z) the growth rate—also, with an
abuse of notation, I have used the same symbol for a function and its Fourier transform.

With the use of recursion relations, it is then possible to express both density contrast
and velocity divergence as a function of the linear density contrast, namely
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1.1 Notation

Throughout the paper, vectors and matrices will respectively be rendered with boldface and
sans serif letters, e.g. vector v and matrix M. For three-dimensional vectors, e.g. comoving
position, we have r = r r̂, with r = |r| the magnitude and r̂ the direction. For wave-vectors
k, I use shorthand notation kij... = ki + kj + . . .. Angles are such that µi = r̂ · ki/ki is the
cosine of the angle between wave-vector ki and the line of sight r̂, whilst mij denotes the
cosine of the angle between wave-vectors ki and kj . Finally, I shall often denote internal
wave-vectors by qi (all that described above applies the same) and I adopt the following
notation, useful for Fourier-space integrals:

Z

q
:=

Z
d3

q

(2 ⇡)3
. (1.1)

2 Polyspectra formalism for galaxy clustering and peculiar velocities

For a generic observable X, be it fluctuations in galaxy number counts (GC, as per ‘galaxy
clustering’) or galaxy peculiar velocities (PV), we write its power spectrum and bispectrum
as1

hX(k1) X(k2)i = (2⇡)3 �D(k12) PX(k1) , (2.1)

1I opt for the use of BX(k1,k2), instead of the ubiquitous BX(k1,k2,k3), to emphasise that the closure
relation between the wave-vectors makes the dependence upon one of them redundant, much in the same way
as the power spectrum is PX(k1) and not PX(k1,k2).
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where �D is the Dirac-delta distribution. By ‘polyspectrum’ I shall refer to a generic n-point
correlator in Fourier space.

Since the bispectrum vanishes in the linear regime for Gaussian initial conditions, it
appears only at non-linear level. As long as perturbations are small, it is useful (and powerful)
to approach the non-linear regime perturbatively. By approximating the matter distribution
as an irrotational fluid, then gravitational instability can be fully described in terms of the
density contrast � and the velocity divergence ✓ := r · v. The density and velocity can then
be expanded about the linear solutions, which correspond to time dependent scalings of the
initial density field. Hence, it has been shown that in Fourier space we can write

�(k, z) =
1X

m=1

D
m(z) �

(m)(k) , (2.4)

✓(k, z) = �H(z) f(z)
1X

m=1

D
m(z) ✓

(m)(k) , (2.5)

where superscript ‘(m)’ denotes the mth perturbative order, D is the linear growth factor,
H the conformal Hubble factor, and f := �d ln D/d(1 + z) the growth rate—also, with an
abuse of notation, I have used the same symbol for a function and its Fourier transform.

With the use of recursion relations, it is then possible to express both density contrast
and velocity divergence as a function of the linear density contrast, namely


�
(m)(k)

✓
(m)(k)

�
=

Z

q1

. . .

Z

qm

�
(1)(q1) . . . �

(1)(qm)


Fm(q1, . . . , qm)
Gm(q1, . . . , qm)

�
(2 ⇡)3 �D(q1...m �k) , (2.6)

where Fm and Gm are, respectively, the mth-order (symmetrised) kernels for � and ✓, sub-
ject to F1 = G1 ⌘ 1. Hence, thanks to these remarkable results, the first non-vanishing
contribution to the bispectrum (at so-called ‘tree level’) takes the form

hX(k1) X(k2) X(k3)i = hX
(1)(k1) X

(1)(k2) X
(2)(k3)i + 2 ki , (2.7)

where ki is a shorthand notation for cyclic permutations over k1, k2, and k3 = �k12.

2.1 Galaxy clustering

In the case of galaxy clustering, that is, the summary statistics of galaxy number counts
fluctuations, both the power spectrum and the bispectrum have been studied extensively,
and they represent the main target of most of present and oncoming observational campaigns
for cosmology. In this case, the field X(x) is

�g(x) :=
ng(x) � n̄g

n̄g
, (2.8)

where ng(x) is the comoving number density of galaxies in a given volume at (comoving)
location x, whereas n̄g its the mean number density in said volume. Then, we link the galaxy
overdensity field to the underlying matter density field via a bias expansion of the form [see
1, for an exhaustive review]

�g(x, z) =
X

O

bO(z) O(x, z) , (2.9)
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• As long as the matter distribution can be described as an irrotational fluid (i.e. no 
shell crossing), gravitational instability can be fully described by the density 
contrast  and the velocity divergence δ θ
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where �D is the Dirac-delta distribution. By ‘polyspectrum’ I shall refer to a generic n-point
correlator in Fourier space.

Since the bispectrum vanishes in the linear regime for Gaussian initial conditions, it
appears only at non-linear level. As long as perturbations are small, it is useful (and powerful)
to approach the non-linear regime perturbatively. By approximating the matter distribution
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be expanded about the linear solutions, which correspond to time dependent scalings of the
initial density field. Hence, it has been shown that in Fourier space we can write

�(k, z) =
1X

m=1

D
m(z) �

(m)(k) , (2.4)

✓(k, z) = �H(z) f(z)
1X

m=1

D
m(z) ✓

(m)(k) , (2.5)

where superscript ‘(m)’ denotes the mth perturbative order, D is the linear growth factor,
H the conformal Hubble factor, and f := �d ln D/d(1 + z) the growth rate—also, with an
abuse of notation, I have used the same symbol for a function and its Fourier transform.
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where Fm and Gm are, respectively, the mth-order (symmetrised) kernels for � and ✓, sub-
ject to F1 = G1 ⌘ 1. Hence, thanks to these remarkable results, the first non-vanishing
contribution to the bispectrum (at so-called ‘tree level’) takes the form
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where ki is a shorthand notation for cyclic permutations over k1, k2, and k3 = �k12.

2.1 Galaxy clustering

In the case of galaxy clustering, that is, the summary statistics of galaxy number counts
fluctuations, both the power spectrum and the bispectrum have been studied extensively,
and they represent the main target of most of present and oncoming observational campaigns
for cosmology. In this case, the field X(x) is

�g(x) :=
ng(x) � n̄g

n̄g
, (2.8)

where ng(x) is the comoving number density of galaxies in a given volume at (comoving)
location x, whereas n̄g its the mean number density in said volume. Then, we link the galaxy
overdensity field to the underlying matter density field via a bias expansion of the form [see
1, for an exhaustive review]
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• From the continuity and Euler’s equations in Fourier space
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• Hence the tree-level power spectrum and bispectrum
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to approach the non-linear regime perturbatively. By approximating the matter distribution
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Galaxy clustering

• Galaxy clustering is the summary statistics of fluctuations in galaxy number counts
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where Fm and Gm are, respectively, the mth-order (symmetrised) kernels for � and ✓, sub-
ject to F1 = G1 ⌘ 1. Hence, thanks to these remarkable results, the first non-vanishing
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In the case of galaxy clustering, that is, the summary statistics of galaxy number counts
fluctuations, both the power spectrum and the bispectrum have been studied extensively,
and they represent the main target of most of present and oncoming observational campaigns
for cosmology. In this case, the field X(x) is

�g(x) :=
ng(x) � n̄g

n̄g
, (2.8)

where ng(x) is the comoving number density of galaxies in a given volume at (comoving)
location x, whereas n̄g its the mean number density in said volume. Then, we link the galaxy
overdensity field to the underlying matter density field via a bias expansion of the form [see
1, for an exhaustive review]
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Galaxy clustering

• Galaxy clustering is the summary statistics of fluctuations in galaxy number counts 

• Redshift-space distortions (RSD) arise as we don’t know galaxies’ distances, but infer 
them from their observed redshifts, which include radial peculiar velocities

hX(k1) X(k2) X(k3)i = (2⇡)3 �D(k123) BX(k1, k2) , (2.2)

(2.3)

where �D is the Dirac-delta distribution. By ‘polyspectrum’ I shall refer to a generic n-point
correlator in Fourier space.

Since the bispectrum vanishes in the linear regime for Gaussian initial conditions, it
appears only at non-linear level. As long as perturbations are small, it is useful (and powerful)
to approach the non-linear regime perturbatively. By approximating the matter distribution
as an irrotational fluid, then gravitational instability can be fully described in terms of the
density contrast � and the velocity divergence ✓ := r · v. The density and velocity can then
be expanded about the linear solutions, which correspond to time dependent scalings of the
initial density field. Hence, it has been shown that in Fourier space we can write
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where superscript ‘(m)’ denotes the mth perturbative order, D is the linear growth factor,
H the conformal Hubble factor, and f := �d ln D/d(1 + z) the growth rate—also, with an
abuse of notation, I have used the same symbol for a function and its Fourier transform.

With the use of recursion relations, it is then possible to express both density contrast
and velocity divergence as a function of the linear density contrast, namely
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where Fm and Gm are, respectively, the mth-order (symmetrised) kernels for � and ✓, sub-
ject to F1 = G1 ⌘ 1. Hence, thanks to these remarkable results, the first non-vanishing
contribution to the bispectrum (at so-called ‘tree level’) takes the form

hX(k1) X(k2) X(k3)i = hX
(1)(k1) X
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(2)(k3)i + 2 ki , (2.7)

where ki is a shorthand notation for cyclic permutations over k1, k2, and k3 = �k12.

2.1 Galaxy clustering

In the case of galaxy clustering, that is, the summary statistics of galaxy number counts
fluctuations, both the power spectrum and the bispectrum have been studied extensively,
and they represent the main target of most of present and oncoming observational campaigns
for cosmology. In this case, the field X(x) is

�g(x) :=
ng(x) � n̄g

n̄g
, (2.8)

where ng(x) is the comoving number density of galaxies in a given volume at (comoving)
location x, whereas n̄g its the mean number density in said volume. Then, we link the galaxy
overdensity field to the underlying matter density field via a bias expansion of the form [see
1, for an exhaustive review]
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X

O

bO(z) O(x, z) , (2.9)

– 2 –

St
ef

an
o 

C
am

er
a 

Th
e 

pe
cu

lia
r v

el
oc

ity
 b

is
pe

ct
ru

m
 

10
 · 

VI
I ·

 2
0

24



Galaxy clustering

• Galaxy clustering is the summary statistics of fluctuations in galaxy number counts 

• Redshift-space distortions (RSD) arise as we don’t know galaxies’ distances, but infer 
them from their observed redshifts, which include radial peculiar velocities

hX(k1) X(k2) X(k3)i = (2⇡)3 �D(k123) BX(k1, k2) , (2.2)

(2.3)

where �D is the Dirac-delta distribution. By ‘polyspectrum’ I shall refer to a generic n-point
correlator in Fourier space.

Since the bispectrum vanishes in the linear regime for Gaussian initial conditions, it
appears only at non-linear level. As long as perturbations are small, it is useful (and powerful)
to approach the non-linear regime perturbatively. By approximating the matter distribution
as an irrotational fluid, then gravitational instability can be fully described in terms of the
density contrast � and the velocity divergence ✓ := r · v. The density and velocity can then
be expanded about the linear solutions, which correspond to time dependent scalings of the
initial density field. Hence, it has been shown that in Fourier space we can write
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where superscript ‘(m)’ denotes the mth perturbative order, D is the linear growth factor,
H the conformal Hubble factor, and f := �d ln D/d(1 + z) the growth rate—also, with an
abuse of notation, I have used the same symbol for a function and its Fourier transform.

With the use of recursion relations, it is then possible to express both density contrast
and velocity divergence as a function of the linear density contrast, namely
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where Fm and Gm are, respectively, the mth-order (symmetrised) kernels for � and ✓, sub-
ject to F1 = G1 ⌘ 1. Hence, thanks to these remarkable results, the first non-vanishing
contribution to the bispectrum (at so-called ‘tree level’) takes the form

hX(k1) X(k2) X(k3)i = hX
(1)(k1) X

(1)(k2) X
(2)(k3)i + 2 ki , (2.7)

where ki is a shorthand notation for cyclic permutations over k1, k2, and k3 = �k12.

2.1 Galaxy clustering

In the case of galaxy clustering, that is, the summary statistics of galaxy number counts
fluctuations, both the power spectrum and the bispectrum have been studied extensively,
and they represent the main target of most of present and oncoming observational campaigns
for cosmology. In this case, the field X(x) is

�g(x) :=
ng(x) � n̄g

n̄g
, (2.8)

where ng(x) is the comoving number density of galaxies in a given volume at (comoving)
location x, whereas n̄g its the mean number density in said volume. Then, we link the galaxy
overdensity field to the underlying matter density field via a bias expansion of the form [see
1, for an exhaustive review]
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bO(z) O(x, z) , (2.9)
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Galaxy clustering

• Galaxy clustering is the summary statistics of fluctuations in galaxy number counts 

• Redshift-space distortions (RSD) arise as we don’t know galaxies’ distances, but infer 
them from their observed redshifts, which include radial peculiar velocities

hX(k1) X(k2) X(k3)i = (2⇡)3 �D(k123) BX(k1, k2) , (2.2)

(2.3)

where �D is the Dirac-delta distribution. By ‘polyspectrum’ I shall refer to a generic n-point
correlator in Fourier space.

Since the bispectrum vanishes in the linear regime for Gaussian initial conditions, it
appears only at non-linear level. As long as perturbations are small, it is useful (and powerful)
to approach the non-linear regime perturbatively. By approximating the matter distribution
as an irrotational fluid, then gravitational instability can be fully described in terms of the
density contrast � and the velocity divergence ✓ := r · v. The density and velocity can then
be expanded about the linear solutions, which correspond to time dependent scalings of the
initial density field. Hence, it has been shown that in Fourier space we can write
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where superscript ‘(m)’ denotes the mth perturbative order, D is the linear growth factor,
H the conformal Hubble factor, and f := �d ln D/d(1 + z) the growth rate—also, with an
abuse of notation, I have used the same symbol for a function and its Fourier transform.

With the use of recursion relations, it is then possible to express both density contrast
and velocity divergence as a function of the linear density contrast, namely
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where Fm and Gm are, respectively, the mth-order (symmetrised) kernels for � and ✓, sub-
ject to F1 = G1 ⌘ 1. Hence, thanks to these remarkable results, the first non-vanishing
contribution to the bispectrum (at so-called ‘tree level’) takes the form

hX(k1) X(k2) X(k3)i = hX
(1)(k1) X
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where ki is a shorthand notation for cyclic permutations over k1, k2, and k3 = �k12.

2.1 Galaxy clustering

In the case of galaxy clustering, that is, the summary statistics of galaxy number counts
fluctuations, both the power spectrum and the bispectrum have been studied extensively,
and they represent the main target of most of present and oncoming observational campaigns
for cosmology. In this case, the field X(x) is

�g(x) :=
ng(x) � n̄g

n̄g
, (2.8)

where ng(x) is the comoving number density of galaxies in a given volume at (comoving)
location x, whereas n̄g its the mean number density in said volume. Then, we link the galaxy
overdensity field to the underlying matter density field via a bias expansion of the form [see
1, for an exhaustive review]
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Galaxy clustering

• Galaxy clustering is the summary statistics of fluctuations in galaxy number counts 

• Redshift-space distortions (RSD) arise as we don’t know galaxies’ distances, but infer 
them from their observed redshifts, which include radial peculiar velocities

hX(k1) X(k2) X(k3)i = (2⇡)3 �D(k123) BX(k1, k2) , (2.2)

(2.3)

where �D is the Dirac-delta distribution. By ‘polyspectrum’ I shall refer to a generic n-point
correlator in Fourier space.

Since the bispectrum vanishes in the linear regime for Gaussian initial conditions, it
appears only at non-linear level. As long as perturbations are small, it is useful (and powerful)
to approach the non-linear regime perturbatively. By approximating the matter distribution
as an irrotational fluid, then gravitational instability can be fully described in terms of the
density contrast � and the velocity divergence ✓ := r · v. The density and velocity can then
be expanded about the linear solutions, which correspond to time dependent scalings of the
initial density field. Hence, it has been shown that in Fourier space we can write

�(k, z) =
1X

m=1

D
m(z) �

(m)(k) , (2.4)

✓(k, z) = �H(z) f(z)
1X

m=1

D
m(z) ✓

(m)(k) , (2.5)

where superscript ‘(m)’ denotes the mth perturbative order, D is the linear growth factor,
H the conformal Hubble factor, and f := �d ln D/d(1 + z) the growth rate—also, with an
abuse of notation, I have used the same symbol for a function and its Fourier transform.

With the use of recursion relations, it is then possible to express both density contrast
and velocity divergence as a function of the linear density contrast, namely


�
(m)(k)

✓
(m)(k)

�
=

Z

q1

. . .

Z

qm

�
(1)(q1) . . . �

(1)(qm)


Fm(q1, . . . , qm)
Gm(q1, . . . , qm)

�
(2 ⇡)3 �D(q1...m �k) , (2.6)

where Fm and Gm are, respectively, the mth-order (symmetrised) kernels for � and ✓, sub-
ject to F1 = G1 ⌘ 1. Hence, thanks to these remarkable results, the first non-vanishing
contribution to the bispectrum (at so-called ‘tree level’) takes the form

hX(k1) X(k2) X(k3)i = hX
(1)(k1) X

(1)(k2) X
(2)(k3)i + 2 ki , (2.7)

where ki is a shorthand notation for cyclic permutations over k1, k2, and k3 = �k12.

2.1 Galaxy clustering

In the case of galaxy clustering, that is, the summary statistics of galaxy number counts
fluctuations, both the power spectrum and the bispectrum have been studied extensively,
and they represent the main target of most of present and oncoming observational campaigns
for cosmology. In this case, the field X(x) is

�g(x) :=
ng(x) � n̄g

n̄g
, (2.8)

where ng(x) is the comoving number density of galaxies in a given volume at (comoving)
location x, whereas n̄g its the mean number density in said volume. Then, we link the galaxy
overdensity field to the underlying matter density field via a bias expansion of the form [see
1, for an exhaustive review]

�g(x, z) =
X

O

bO(z) O(x, z) , (2.9)

– 2 –
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ȧ xi∥

St
ef

an
o 

C
am

er
a 

Th
e 

pe
cu

lia
r v

el
oc

ity
 b

is
pe

ct
ru

m
 

10
 · 

VI
I ·

 2
0

24



• Galaxy clustering is the summary statistics of fluctuations in galaxy number counts 

• Redshift-space distortions (RSD) arise as we don’t know galaxies’ distances, but infer 
them from their observed redshifts, which include radial peculiar velocities

Galaxy clustering

hX(k1) X(k2) X(k3)i = (2⇡)3 �D(k123) BX(k1, k2) , (2.2)

(2.3)

where �D is the Dirac-delta distribution. By ‘polyspectrum’ I shall refer to a generic n-point
correlator in Fourier space.

Since the bispectrum vanishes in the linear regime for Gaussian initial conditions, it
appears only at non-linear level. As long as perturbations are small, it is useful (and powerful)
to approach the non-linear regime perturbatively. By approximating the matter distribution
as an irrotational fluid, then gravitational instability can be fully described in terms of the
density contrast � and the velocity divergence ✓ := r · v. The density and velocity can then
be expanded about the linear solutions, which correspond to time dependent scalings of the
initial density field. Hence, it has been shown that in Fourier space we can write

�(k, z) =
1X

m=1

D
m(z) �

(m)(k) , (2.4)

✓(k, z) = �H(z) f(z)
1X

m=1

D
m(z) ✓

(m)(k) , (2.5)

where superscript ‘(m)’ denotes the mth perturbative order, D is the linear growth factor,
H the conformal Hubble factor, and f := �d ln D/d(1 + z) the growth rate—also, with an
abuse of notation, I have used the same symbol for a function and its Fourier transform.

With the use of recursion relations, it is then possible to express both density contrast
and velocity divergence as a function of the linear density contrast, namely


�
(m)(k)

✓
(m)(k)

�
=

Z

q1

. . .

Z

qm

�
(1)(q1) . . . �

(1)(qm)


Fm(q1, . . . , qm)
Gm(q1, . . . , qm)

�
(2 ⇡)3 �D(q1...m �k) , (2.6)

where Fm and Gm are, respectively, the mth-order (symmetrised) kernels for � and ✓, sub-
ject to F1 = G1 ⌘ 1. Hence, thanks to these remarkable results, the first non-vanishing
contribution to the bispectrum (at so-called ‘tree level’) takes the form

hX(k1) X(k2) X(k3)i = hX
(1)(k1) X

(1)(k2) X
(2)(k3)i + 2 ki , (2.7)

where ki is a shorthand notation for cyclic permutations over k1, k2, and k3 = �k12.

2.1 Galaxy clustering

In the case of galaxy clustering, that is, the summary statistics of galaxy number counts
fluctuations, both the power spectrum and the bispectrum have been studied extensively,
and they represent the main target of most of present and oncoming observational campaigns
for cosmology. In this case, the field X(x) is

�g(x) :=
ng(x) � n̄g

n̄g
, (2.8)

where ng(x) is the comoving number density of galaxies in a given volume at (comoving)
location x, whereas n̄g its the mean number density in said volume. Then, we link the galaxy
overdensity field to the underlying matter density field via a bias expansion of the form [see
1, for an exhaustive review]

�g(x, z) =
X

O

bO(z) O(x, z) , (2.9)
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• Galaxy clustering is the summary statistics of fluctuations in galaxy number counts 

• Redshift-space distortions (RSD) arise as we don’t know galaxies’ distances, but infer 
them from their observed redshifts, which include radial peculiar velocities

Galaxy clustering

hX(k1) X(k2) X(k3)i = (2⇡)3 �D(k123) BX(k1, k2) , (2.2)

(2.3)

where �D is the Dirac-delta distribution. By ‘polyspectrum’ I shall refer to a generic n-point
correlator in Fourier space.

Since the bispectrum vanishes in the linear regime for Gaussian initial conditions, it
appears only at non-linear level. As long as perturbations are small, it is useful (and powerful)
to approach the non-linear regime perturbatively. By approximating the matter distribution
as an irrotational fluid, then gravitational instability can be fully described in terms of the
density contrast � and the velocity divergence ✓ := r · v. The density and velocity can then
be expanded about the linear solutions, which correspond to time dependent scalings of the
initial density field. Hence, it has been shown that in Fourier space we can write

�(k, z) =
1X

m=1

D
m(z) �

(m)(k) , (2.4)

✓(k, z) = �H(z) f(z)
1X

m=1

D
m(z) ✓

(m)(k) , (2.5)

where superscript ‘(m)’ denotes the mth perturbative order, D is the linear growth factor,
H the conformal Hubble factor, and f := �d ln D/d(1 + z) the growth rate—also, with an
abuse of notation, I have used the same symbol for a function and its Fourier transform.

With the use of recursion relations, it is then possible to express both density contrast
and velocity divergence as a function of the linear density contrast, namely


�
(m)(k)

✓
(m)(k)

�
=

Z

q1

. . .

Z

qm

�
(1)(q1) . . . �

(1)(qm)


Fm(q1, . . . , qm)
Gm(q1, . . . , qm)

�
(2 ⇡)3 �D(q1...m �k) , (2.6)

where Fm and Gm are, respectively, the mth-order (symmetrised) kernels for � and ✓, sub-
ject to F1 = G1 ⌘ 1. Hence, thanks to these remarkable results, the first non-vanishing
contribution to the bispectrum (at so-called ‘tree level’) takes the form

hX(k1) X(k2) X(k3)i = hX
(1)(k1) X

(1)(k2) X
(2)(k3)i + 2 ki , (2.7)

where ki is a shorthand notation for cyclic permutations over k1, k2, and k3 = �k12.

2.1 Galaxy clustering

In the case of galaxy clustering, that is, the summary statistics of galaxy number counts
fluctuations, both the power spectrum and the bispectrum have been studied extensively,
and they represent the main target of most of present and oncoming observational campaigns
for cosmology. In this case, the field X(x) is

�g(x) :=
ng(x) � n̄g

n̄g
, (2.8)

where ng(x) is the comoving number density of galaxies in a given volume at (comoving)
location x, whereas n̄g its the mean number density in said volume. Then, we link the galaxy
overdensity field to the underlying matter density field via a bias expansion of the form [see
1, for an exhaustive review]

�g(x, z) =
X

O

bO(z) O(x, z) , (2.9)
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Galaxy clustering

• However, number density conservation dictates that

where O are operators, or statistical fields, which describe properties of the galaxies’ environ-
ment on which their density can depend, and each operator is multiplied by a corresponding
bias parameter, bO. Here, I shall consider the linear and quadratic bias, b1 and b2, respectively
related to � and �

2, as well as the tidal bias, bG2 .
Furthermore, we need to take into account the fact that galaxies are observed not at

their true comoving position x, but the latter is in fact reconstructed from the observed
angular location on the sky and the measured redshift. Neglecting lensing distortions and
other subdominant e↵ects, the main consequence is that the comoving radial position in
‘redshift space’, s, is shifted along the line of sight with respect to that in real space, x, such
that

sk = xk +
vk

H
, (2.10)

with subscript ‘k’ denoting the component of a vector along the line-of-sight direction. In
my notation, xk = r, whereas vk = r̂ · v =: u. If we denote by � the observed galaxy
density contrast (i.e. in redshift space), from number density conservation it follows that
d3

s [1 + �(s)] = d3
x [1 + �g(x)]. Thus, � = (�g + 1 � J)/J , where J is the absolute value

of the determinant of the Jacobian of the change of coordinates from redshift space to real
space. From Eq. (2.10), we have J = |1 + @ku/H|, with @k = r̂ · r.

With this all in mind, the galaxy clustering power spectrum and bispectrum at tree
level, neglecting subdominant light-cone projection e↵ects, can be expressed as

P�(k1) = Z
(1)(k1) Z

(1)(�k1) P (k1) , (2.11)

B�(k1, k2) = 2Z
(1)(k1) Z

(1)(k2) Z
(2)(k1, k2) P (k1) P (k2) + 2 ki , (2.12)

with P (ki) the linear matter power spectrum, implicitly defined via

h�
(1)(ki) �

(1)(kj)i = (2⇡)3 �D(kij) P (ki) , (2.13)

and Z
(m) the mth-order redshift-space kernel, such that

�
(m)(k) =

Z

q1

. . .

Z

qm

�
(1)(q1) . . . �

(1)(qm) Z
(m)(q1, . . . , qm) (2⇡)3 �D(q1...m � k) . (2.14)

Specifically, we have

Z
(1)(k1) = b1 + f µ

2
1 , (2.15)

Z
(2)(k1, k2) =

b2

2
+ b1 F2(k1, k2) + bG2 S2(k1, k2) + f µ

2
12 G2(k1, k2)+

+
f

2
µ12 k12


µ1

k1
Z

(1)(k2) +
µ2

k2
Z

(1)(k1)

�
, (2.16)

with the relevant kernels given in Appendix A. It is useful to note that, from the triangle
closure relation k123 = 0 follow both k12 = k3 and (µ1 k1 + µ2 k2)/k3 = �µ3.

2.2 Peculiar velocities

The peculiar velocity of galaxies is usually assumed to be equal to the dark matter velocity
on the scales of interest. In this case, the field X(x) is u(x), i.e. the peculiar velocity field
projected along the line of sight. If we express the irrotational peculiar velocity field in
Helmotz decomposition in terms of a peculiar velocity potential V , i.e. v = �rV , we have

– 3 –
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Galaxy clustering

• However, number density conservation dictates that

where O are operators, or statistical fields, which describe properties of the galaxies’ environ-
ment on which their density can depend, and each operator is multiplied by a corresponding
bias parameter, bO. Here, I shall consider the linear and quadratic bias, b1 and b2, respectively
related to � and �

2, as well as the tidal bias, bG2 .
Furthermore, we need to take into account the fact that galaxies are observed not at

their true comoving position x, but the latter is in fact reconstructed from the observed
angular location on the sky and the measured redshift. Neglecting lensing distortions and
other subdominant e↵ects, the main consequence is that the comoving radial position in
‘redshift space’, s, is shifted along the line of sight with respect to that in real space, x, such
that

sk = xk +
vk

H
, (2.10)

with subscript ‘k’ denoting the component of a vector along the line-of-sight direction. In
my notation, xk = r, whereas vk = r̂ · v =: u. If we denote by � the observed galaxy
density contrast (i.e. in redshift space), from number density conservation it follows that
d3

s [1 + �(s)] = d3
x [1 + �g(x)]. Thus, � = (�g + 1 � J)/J , where J is the absolute value

of the determinant of the Jacobian of the change of coordinates from redshift space to real
space. From Eq. (2.10), we have J = |1 + @ku/H|, with @k = r̂ · r.

With this all in mind, the galaxy clustering power spectrum and bispectrum at tree
level, neglecting subdominant light-cone projection e↵ects, can be expressed as

P�(k1) = Z
(1)(k1) Z

(1)(�k1) P (k1) , (2.11)

B�(k1, k2) = 2Z
(1)(k1) Z

(1)(k2) Z
(2)(k1, k2) P (k1) P (k2) + 2 ki , (2.12)

with P (ki) the linear matter power spectrum, implicitly defined via

h�
(1)(ki) �

(1)(kj)i = (2⇡)3 �D(kij) P (ki) , (2.13)

and Z
(m) the mth-order redshift-space kernel, such that

�
(m)(k) =

Z

q1

. . .

Z

qm

�
(1)(q1) . . . �

(1)(qm) Z
(m)(q1, . . . , qm) (2⇡)3 �D(q1...m � k) . (2.14)

Specifically, we have

Z
(1)(k1) = b1 + f µ

2
1 , (2.15)

Z
(2)(k1, k2) =

b2

2
+ b1 F2(k1, k2) + bG2 S2(k1, k2) + f µ

2
12 G2(k1, k2)+

+
f

2
µ12 k12


µ1

k1
Z

(1)(k2) +
µ2
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Galaxy clustering

• However, number density conservation dictates that 

• Knowing the real-to-redshift space mapping, we construct redshift-space kernels…
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With this all in mind, the galaxy clustering power spectrum and bispectrum at tree
level, neglecting subdominant light-cone projection e↵ects, can be expressed as

P�(k1) = Z
(1)(k1) Z

(1)(�k1) P (k1) , (2.11)

B�(k1, k2) = 2Z
(1)(k1) Z

(1)(k2) Z
(2)(k1, k2) P (k1) P (k2) + 2 ki , (2.12)

with P (ki) the linear matter power spectrum, implicitly defined via

h�
(1)(ki) �

(1)(kj)i = (2⇡)3 �D(kij) P (ki) , (2.13)

and Z
(m) the mth-order redshift-space kernel, such that

�
(m)(k) =

Z

q1

. . .

Z

qm

�
(1)(q1) . . . �

(1)(qm) Z
(m)(q1, . . . , qm) (2⇡)3 �D(q1...m � k) . (2.14)

Specifically, we have

Z
(1)(k1) = b1 + f µ

2
1 , (2.15)

Z
(2)(k1, k2) =

b2

2
+ b1 F2(k1, k2) + bG2 S2(k1, k2) + f µ

2
12 G2(k1, k2)+

+
f

2
µ12 k12


µ1

k1
Z

(1)(k2) +
µ2

k2
Z

(1)(k1)

�
, (2.16)
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Galaxy clustering

• However, number density conservation dictates that 

• Knowing the real-to-redshift space mapping, we construct redshift-space kernels… 

• …from which
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with the relevant kernels given in Appendix A. It is useful to note that, from the triangle
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Galaxy clustering

• Galaxy clustering kernels in redshift space 

• space mapping, we  

• …from which
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‘redshift space’, s, is shifted along the line of sight with respect to that in real space, x, such
that

sk = xk +
vk

H
, (2.10)

with subscript ‘k’ denoting the component of a vector along the line-of-sight direction. In
my notation, xk = r, whereas vk = r̂ · v =: u. If we denote by � the observed galaxy
density contrast (i.e. in redshift space), from number density conservation it follows that
d3

s [1 + �(s)] = d3
x [1 + �g(x)]. Thus, � = (�g + 1 � J)/J , where J is the absolute value

of the determinant of the Jacobian of the change of coordinates from redshift space to real
space. From Eq. (2.10), we have J = |1 + @ku/H|, with @k = r̂ · r.

With this all in mind, the galaxy clustering power spectrum and bispectrum at tree
level, neglecting subdominant light-cone projection e↵ects, can be expressed as

P�(k1) = Z
(1)(k1) Z

(1)(�k1) P (k1) , (2.11)

B�(k1, k2) = 2Z
(1)(k1) Z

(1)(k2) Z
(2)(k1, k2) P (k1) P (k2) + 2 ki , (2.12)

with P (ki) the linear matter power spectrum, implicitly defined via

h�
(1)(ki) �

(1)(kj)i = (2⇡)3 �D(kij) P (ki) , (2.13)

and Z
(m) the mth-order redshift-space kernel, such that

�
(m)(k) =

Z

q1

. . .

Z

qm

�
(1)(q1) . . . �

(1)(qm) Z
(m)(q1, . . . , qm) (2⇡)3 �D(q1...m � k) . (2.14)

Specifically, we have
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with the relevant kernels given in Appendix A. It is useful to note that, from the triangle
closure relation k123 = 0 follow both k12 = k3 and (µ1 k1 + µ2 k2)/k3 = �µ3.

2.2 Peculiar velocities

The peculiar velocity of galaxies is usually assumed to be equal to the dark matter velocity
on the scales of interest. In this case, the field X(x) is u(x), i.e. the peculiar velocity field
projected along the line of sight. If we express the irrotational peculiar velocity field in
Helmotz decomposition in terms of a peculiar velocity potential V , i.e. v = �rV , we have
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Galaxy clustering

• Galaxy clustering kernels in redshift space 

• space mapping, we  

• …from which

where O are operators, or statistical fields, which describe properties of the galaxies’ environ-
ment on which their density can depend, and each operator is multiplied by a corresponding
bias parameter, bO. Here, I shall consider the linear and quadratic bias, b1 and b2, respectively
related to � and �

2, as well as the tidal bias, bG2 .
Furthermore, we need to take into account the fact that galaxies are observed not at

their true comoving position x, but the latter is in fact reconstructed from the observed
angular location on the sky and the measured redshift. Neglecting lensing distortions and
other subdominant e↵ects, the main consequence is that the comoving radial position in
‘redshift space’, s, is shifted along the line of sight with respect to that in real space, x, such
that

sk = xk +
vk

H
, (2.10)

with subscript ‘k’ denoting the component of a vector along the line-of-sight direction. In
my notation, xk = r, whereas vk = r̂ · v =: u. If we denote by � the observed galaxy
density contrast (i.e. in redshift space), from number density conservation it follows that
d3

s [1 + �(s)] = d3
x [1 + �g(x)]. Thus, � = (�g + 1 � J)/J , where J is the absolute value

of the determinant of the Jacobian of the change of coordinates from redshift space to real
space. From Eq. (2.10), we have J = |1 + @ku/H|, with @k = r̂ · r.

With this all in mind, the galaxy clustering power spectrum and bispectrum at tree
level, neglecting subdominant light-cone projection e↵ects, can be expressed as

P�(k1) = Z
(1)(k1) Z

(1)(�k1) P (k1) , (2.11)

B�(k1, k2) = 2Z
(1)(k1) Z

(1)(k2) Z
(2)(k1, k2) P (k1) P (k2) + 2 ki , (2.12)

with P (ki) the linear matter power spectrum, implicitly defined via

h�
(1)(ki) �

(1)(kj)i = (2⇡)3 �D(kij) P (ki) , (2.13)

and Z
(m) the mth-order redshift-space kernel, such that
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(m)(k) =
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. . .
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(1)(q1) . . . �

(1)(qm) Z
(m)(q1, . . . , qm) (2⇡)3 �D(q1...m � k) . (2.14)

Specifically, we have
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1 , (2.15)
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with the relevant kernels given in Appendix A. It is useful to note that, from the triangle
closure relation k123 = 0 follow both k12 = k3 and (µ1 k1 + µ2 k2)/k3 = �µ3.

2.2 Peculiar velocities

The peculiar velocity of galaxies is usually assumed to be equal to the dark matter velocity
on the scales of interest. In this case, the field X(x) is u(x), i.e. the peculiar velocity field
projected along the line of sight. If we express the irrotational peculiar velocity field in
Helmotz decomposition in terms of a peculiar velocity potential V , i.e. v = �rV , we have
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where O are operators, or statistical fields, which describe properties of the galaxies’ environ-
ment on which their density can depend, and each operator is multiplied by a corresponding
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with subscript ‘k’ denoting the component of a vector along the line-of-sight direction. In
my notation, xk = r, whereas vk = r̂ · v =: u. If we denote by � the observed galaxy
density contrast (i.e. in redshift space), from number density conservation it follows that
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x [1 + �g(x)]. Thus, � = (�g + 1 � J)/J , where J is the absolute value

of the determinant of the Jacobian of the change of coordinates from redshift space to real
space. From Eq. (2.10), we have J = |1 + @ku/H|, with @k = r̂ · r.

With this all in mind, the galaxy clustering power spectrum and bispectrum at tree
level, neglecting subdominant light-cone projection e↵ects, can be expressed as
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with the relevant kernels given in Appendix A. It is useful to note that, from the triangle
closure relation k123 = 0 follow both k12 = k3 and (µ1 k1 + µ2 k2)/k3 = �µ3.

2.2 Peculiar velocities

The peculiar velocity of galaxies is usually assumed to be equal to the dark matter velocity
on the scales of interest. In this case, the field X(x) is u(x), i.e. the peculiar velocity field
projected along the line of sight. If we express the irrotational peculiar velocity field in
Helmotz decomposition in terms of a peculiar velocity potential V , i.e. v = �rV , we have
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Galaxy clustering

• Galaxy clustering kernels in redshift space 

• space mapping, we  

• …from which

where O are operators, or statistical fields, which describe properties of the galaxies’ environ-
ment on which their density can depend, and each operator is multiplied by a corresponding
bias parameter, bO. Here, I shall consider the linear and quadratic bias, b1 and b2, respectively
related to � and �

2, as well as the tidal bias, bG2 .
Furthermore, we need to take into account the fact that galaxies are observed not at

their true comoving position x, but the latter is in fact reconstructed from the observed
angular location on the sky and the measured redshift. Neglecting lensing distortions and
other subdominant e↵ects, the main consequence is that the comoving radial position in
‘redshift space’, s, is shifted along the line of sight with respect to that in real space, x, such
that

sk = xk +
vk

H
, (2.10)

with subscript ‘k’ denoting the component of a vector along the line-of-sight direction. In
my notation, xk = r, whereas vk = r̂ · v =: u. If we denote by � the observed galaxy
density contrast (i.e. in redshift space), from number density conservation it follows that
d3

s [1 + �(s)] = d3
x [1 + �g(x)]. Thus, � = (�g + 1 � J)/J , where J is the absolute value

of the determinant of the Jacobian of the change of coordinates from redshift space to real
space. From Eq. (2.10), we have J = |1 + @ku/H|, with @k = r̂ · r.

With this all in mind, the galaxy clustering power spectrum and bispectrum at tree
level, neglecting subdominant light-cone projection e↵ects, can be expressed as

P�(k1) = Z
(1)(k1) Z

(1)(�k1) P (k1) , (2.11)

B�(k1, k2) = 2Z
(1)(k1) Z

(1)(k2) Z
(2)(k1, k2) P (k1) P (k2) + 2 ki , (2.12)

with P (ki) the linear matter power spectrum, implicitly defined via

h�
(1)(ki) �

(1)(kj)i = (2⇡)3 �D(kij) P (ki) , (2.13)

and Z
(m) the mth-order redshift-space kernel, such that

�
(m)(k) =

Z

q1

. . .

Z

qm

�
(1)(q1) . . . �

(1)(qm) Z
(m)(q1, . . . , qm) (2⇡)3 �D(q1...m � k) . (2.14)

Specifically, we have

Z
(1)(k1) = b1 + f µ

2
1 , (2.15)

Z
(2)(k1, k2) =

b2

2
+ b1 F2(k1, k2) + bG2 S2(k1, k2) + f µ

2
12 G2(k1, k2)+

+
f

2
µ12 k12


µ1

k1
Z

(1)(k2) +
µ2

k2
Z

(1)(k1)

�
, (2.16)

with the relevant kernels given in Appendix A. It is useful to note that, from the triangle
closure relation k123 = 0 follow both k12 = k3 and (µ1 k1 + µ2 k2)/k3 = �µ3.

2.2 Peculiar velocities

The peculiar velocity of galaxies is usually assumed to be equal to the dark matter velocity
on the scales of interest. In this case, the field X(x) is u(x), i.e. the peculiar velocity field
projected along the line of sight. If we express the irrotational peculiar velocity field in
Helmotz decomposition in terms of a peculiar velocity potential V , i.e. v = �rV , we have
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where O are operators, or statistical fields, which describe properties of the galaxies’ environ-
ment on which their density can depend, and each operator is multiplied by a corresponding
bias parameter, bO. Here, I shall consider the linear and quadratic bias, b1 and b2, respectively
related to � and �

2, as well as the tidal bias, bG2 .
Furthermore, we need to take into account the fact that galaxies are observed not at

their true comoving position x, but the latter is in fact reconstructed from the observed
angular location on the sky and the measured redshift. Neglecting lensing distortions and
other subdominant e↵ects, the main consequence is that the comoving radial position in
‘redshift space’, s, is shifted along the line of sight with respect to that in real space, x, such
that
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with subscript ‘k’ denoting the component of a vector along the line-of-sight direction. In
my notation, xk = r, whereas vk = r̂ · v =: u. If we denote by � the observed galaxy
density contrast (i.e. in redshift space), from number density conservation it follows that
d3

s [1 + �(s)] = d3
x [1 + �g(x)]. Thus, � = (�g + 1 � J)/J , where J is the absolute value

of the determinant of the Jacobian of the change of coordinates from redshift space to real
space. From Eq. (2.10), we have J = |1 + @ku/H|, with @k = r̂ · r.

With this all in mind, the galaxy clustering power spectrum and bispectrum at tree
level, neglecting subdominant light-cone projection e↵ects, can be expressed as
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with the relevant kernels given in Appendix A. It is useful to note that, from the triangle
closure relation k123 = 0 follow both k12 = k3 and (µ1 k1 + µ2 k2)/k3 = �µ3.

2.2 Peculiar velocities

The peculiar velocity of galaxies is usually assumed to be equal to the dark matter velocity
on the scales of interest. In this case, the field X(x) is u(x), i.e. the peculiar velocity field
projected along the line of sight. If we express the irrotational peculiar velocity field in
Helmotz decomposition in terms of a peculiar velocity potential V , i.e. v = �rV , we have
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• Galaxies’ (radial) peculiar velocities are inferred from various types of observations 
(SNeIa luminosity-distance fluctuations, Tully-Fisher or Faber-Jackson relations, …)

Peculiar velocities
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• Galaxies’ (radial) peculiar velocities are inferred from various types of observations 
(SNeIa luminosity-distance fluctuations, Tully-Fisher or Faber-Jackson relations, …) 

• RSD still arise, because in most cases the underlying peculiar velocity field of matter 
(as traced by galaxies) is reconstructed by positioning galaxies in a 3D comoving 
grid constructed from their redshift-space position—same as in galaxy clustering
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• Galaxies’ (radial) peculiar velocities are inferred from various types of observations 
(SNeIa luminosity-distance fluctuations, Tully-Fisher or Faber-Jackson relations, …) 

• RSD still arise, because in most cases the underlying peculiar velocity field of matter 
(as traced by galaxies) is reconstructed by positioning galaxies in a 3D comoving 
grid constructed from their redshift-space position—same as in galaxy clustering 

• Analogously to what done before, I computed peculiar-velocity kernels…
At this point, using Eq. (2.6), we can introduce peculiar velocity kernels U

(m) such that

u
(m)(k) =

Z

q1

. . .

Z

qm

�
(1)(q1) . . . �

(1)(qm) U
(m)(q1, . . . , qm) (2⇡)3 �D(q1...m � k) , (2.22)

and, thus, the peculiar velocity power spectrum and bispectrum are

Pu(k1) = U
(1)(k1) U

(1)(�k1) P (k1) , (2.23)

Bu(k1, k2) = 2U
(1)(k1) U

(1)(k2) U
(2)(k1, k2) P (k1) P (k2) + 2 ki . (2.24)

The symmetrised kernels for peculiar velocities are readily obtained from the relations de-
scribed before and take the form

U
(1)(k1) = �i H f D

µ1

k1
, (2.25)

U
(2)(k1, k2) = U

(1)(k12) D


G2(k1, k2) �

3

2
f µ1 µ2

(k12)2

k1 k2

�
. (2.26)

Equation (2.25) leads to the usual form of the peculiar velocity power spectrum, in full
agreement with the literature, whereas Eq. (2.26) is the first original result of this work.

3 Momentum density

Having introduced the redshift-space momentum density p = (1 + �) u, and remembering
that d2

s [1 + �(s)] = d3
x [1 + �g(x)], we have [see also 2]
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Z

s
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= i
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+ i

Z
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Z
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q1
✓(q1)


�g(q2) + k µ
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H

�
+ . . . (3.1)

This means that, if p =: p
(1) + p

(2), we can introduce kernels that ultimately read

P
(1)(k1) = U

(1)(k1) , (3.2)

P
(2)(k1, k2) = U

(2)(k1, k2) + U
(1)(k12) D


f

2
µ1 µ2

(k12)2

k1 k2
+
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2

✓
µ1
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µ2

k2

◆
k12

µ12

�
, (3.3)

leading us to

Pp(k1) = Pu(k1) , (3.4)

Bp(k1, k2) = 2U
(1)(k1) U

(1)(k2) P
(2)(k1, k2) P (k1) P (k2) + 2 ki . (3.5)
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• …from which

At this point, using Eq. (2.6), we can introduce peculiar velocity kernels U
(m) such that

u
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and, thus, the peculiar velocity power spectrum and bispectrum are
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(1)(�k1) P (k1) , (2.23)

Bu(k1, k2) = 2U
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(2)(k1, k2) P (k1) P (k2) + 2 ki . (2.24)

The symmetrised kernels for peculiar velocities are readily obtained from the relations de-
scribed before and take the form

U
(1)(k1) = �i H f D

µ1

k1
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Equation (2.25) leads to the usual form of the peculiar velocity power spectrum, in full
agreement with the literature, whereas Eq. (2.26) is the first original result of this work.

3 Momentum density

Having introduced the redshift-space momentum density p = (1 + �) u, and remembering
that d2

s [1 + �(s)] = d3
x [1 + �g(x)], we have [see also 2]
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This means that, if p =: p
(1) + p

(2), we can introduce kernels that ultimately read

P
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leading us to

Pp(k1) = Pu(k1) , (3.4)

Bp(k1, k2) = 2U
(1)(k1) U

(1)(k2) P
(2)(k1, k2) P (k1) P (k2) + 2 ki . (3.5)
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At this point, using Eq. (2.6), we can introduce peculiar velocity kernels U
(m) such that

u
(m)(k) =

Z

q1

. . .

Z

qm

�
(1)(q1) . . . �

(1)(qm) U
(m)(q1, . . . , qm) (2⇡)3 �D(q1...m � k) , (2.22)

and, thus, the peculiar velocity power spectrum and bispectrum are
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(1)(�k1) P (k1) , (2.23)

Bu(k1, k2) = 2U
(1)(k1) U

(1)(k2) U
(2)(k1, k2) P (k1) P (k2) + 2 ki . (2.24)

The symmetrised kernels for peculiar velocities are readily obtained from the relations de-
scribed before and take the form
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
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k1 k2

�
. (2.26)

Equation (2.25) leads to the usual form of the peculiar velocity power spectrum, in full
agreement with the literature, whereas Eq. (2.26) is the first original result of this work.

3 Momentum density

Having introduced the redshift-space momentum density p = (1 + �) u, and remembering
that d2

s [1 + �(s)] = d3
x [1 + �g(x)], we have [see also 2]

p(k) =

Z

s
(2 ⇡)3 e�ik·s

p(s)

=
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x
(2 ⇡)3 e�ik·x e�i kk u(x)/H u(x) [1 + �g(x)]
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This means that, if p =: p
(1) + p

(2), we can introduce kernels that ultimately read

P
(1)(k1) = U

(1)(k1) , (3.2)

P
(2)(k1, k2) = U
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+
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leading us to

Pp(k1) = Pu(k1) , (3.4)

Bp(k1, k2) = 2U
(1)(k1) U

(1)(k2) P
(2)(k1, k2) P (k1) P (k2) + 2 ki . (3.5)
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• …from which 
 
 

• The kernel for the power spectrum coincides with the literature

At this point, using Eq. (2.6), we can introduce peculiar velocity kernels U
(m) such that

u
(m)(k) =

Z

q1

. . .

Z

qm

�
(1)(q1) . . . �

(1)(qm) U
(m)(q1, . . . , qm) (2⇡)3 �D(q1...m � k) , (2.22)

and, thus, the peculiar velocity power spectrum and bispectrum are

Pu(k1) = U
(1)(k1) U

(1)(�k1) P (k1) , (2.23)

Bu(k1, k2) = 2U
(1)(k1) U

(1)(k2) U
(2)(k1, k2) P (k1) P (k2) + 2 ki . (2.24)

The symmetrised kernels for peculiar velocities are readily obtained from the relations de-
scribed before and take the form

U
(1)(k1) = �i H f D

µ1

k1
, (2.25)

U
(2)(k1, k2) = U

(1)(k12) D


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(k12)2

k1 k2

�
. (2.26)

Equation (2.25) leads to the usual form of the peculiar velocity power spectrum, in full
agreement with the literature, whereas Eq. (2.26) is the first original result of this work.

3 Momentum density

Having introduced the redshift-space momentum density p = (1 + �) u, and remembering
that d2

s [1 + �(s)] = d3
x [1 + �g(x)], we have [see also 2]

p(k) =

Z

s
(2 ⇡)3 e�ik·s
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=
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x
(2 ⇡)3 e�ik·x e�i kk u(x)/H u(x) [1 + �g(x)]

=
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This means that, if p =: p
(1) + p

(2), we can introduce kernels that ultimately read
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P
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leading us to

Pp(k1) = Pu(k1) , (3.4)

Bp(k1, k2) = 2U
(1)(k1) U

(1)(k2) P
(2)(k1, k2) P (k1) P (k2) + 2 ki . (3.5)
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At this point, using Eq. (2.6), we can introduce peculiar velocity kernels U
(m) such that

u
(m)(k) =

Z
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. . .

Z

qm

�
(1)(q1) . . . �

(1)(qm) U
(m)(q1, . . . , qm) (2⇡)3 �D(q1...m � k) , (2.22)

and, thus, the peculiar velocity power spectrum and bispectrum are

Pu(k1) = U
(1)(k1) U

(1)(�k1) P (k1) , (2.23)

Bu(k1, k2) = 2U
(1)(k1) U

(1)(k2) U
(2)(k1, k2) P (k1) P (k2) + 2 ki . (2.24)

The symmetrised kernels for peculiar velocities are readily obtained from the relations de-
scribed before and take the form
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, (2.25)
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k1 k2

�
. (2.26)

Equation (2.25) leads to the usual form of the peculiar velocity power spectrum, in full
agreement with the literature, whereas Eq. (2.26) is the first original result of this work.

3 Momentum density

Having introduced the redshift-space momentum density p = (1 + �) u, and remembering
that d2

s [1 + �(s)] = d3
x [1 + �g(x)], we have [see also 2]

p(k) =

Z

s
(2 ⇡)3 e�ik·s

p(s)

=
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x
(2 ⇡)3 e�ik·x e�i kk u(x)/H u(x) [1 + �g(x)]

=
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This means that, if p =: p
(1) + p

(2), we can introduce kernels that ultimately read
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(1)(k1) , (3.2)
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leading us to

Pp(k1) = Pu(k1) , (3.4)

Bp(k1, k2) = 2U
(1)(k1) U

(1)(k2) P
(2)(k1, k2) P (k1) P (k2) + 2 ki . (3.5)
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At this point, using Eq. (2.6), we can introduce peculiar velocity kernels U
(m) such that

u
(m)(k) =

Z
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. . .

Z

qm

�
(1)(q1) . . . �

(1)(qm) U
(m)(q1, . . . , qm) (2⇡)3 �D(q1...m � k) , (2.22)

and, thus, the peculiar velocity power spectrum and bispectrum are

Pu(k1) = U
(1)(k1) U

(1)(�k1) P (k1) , (2.23)

Bu(k1, k2) = 2U
(1)(k1) U

(1)(k2) U
(2)(k1, k2) P (k1) P (k2) + 2 ki . (2.24)

The symmetrised kernels for peculiar velocities are readily obtained from the relations de-
scribed before and take the form
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U
(2)(k1, k2) = U

(1)(k12) D


G2(k1, k2) �

3

2
f µ1 µ2
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k1 k2

�
. (2.26)

Equation (2.25) leads to the usual form of the peculiar velocity power spectrum, in full
agreement with the literature, whereas Eq. (2.26) is the first original result of this work.

3 Momentum density

Having introduced the redshift-space momentum density p = (1 + �) u, and remembering
that d2

s [1 + �(s)] = d3
x [1 + �g(x)], we have [see also 2]

p(k) =

Z

s
(2 ⇡)3 e�ik·s

p(s)

=
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x
(2 ⇡)3 e�ik·x e�i kk u(x)/H u(x) [1 + �g(x)]

=
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This means that, if p =: p
(1) + p

(2), we can introduce kernels that ultimately read

P
(1)(k1) = U

(1)(k1) , (3.2)

P
(2)(k1, k2) = U

(2)(k1, k2) + U
(1)(k12) D
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+
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leading us to

Pp(k1) = Pu(k1) , (3.4)

Bp(k1, k2) = 2U
(1)(k1) U

(1)(k2) P
(2)(k1, k2) P (k1) P (k2) + 2 ki . (3.5)
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• …from which 
 
 

• The kernel for the power spectrum coincides with the literature 
 

• The kernel for the bispectrum is a novel result

At this point, using Eq. (2.6), we can introduce peculiar velocity kernels U
(m) such that

u
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(1)(q1) . . . �

(1)(qm) U
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and, thus, the peculiar velocity power spectrum and bispectrum are
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Bu(k1, k2) = 2U
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(2)(k1, k2) P (k1) P (k2) + 2 ki . (2.24)

The symmetrised kernels for peculiar velocities are readily obtained from the relations de-
scribed before and take the form
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�
. (2.26)

Equation (2.25) leads to the usual form of the peculiar velocity power spectrum, in full
agreement with the literature, whereas Eq. (2.26) is the first original result of this work.

3 Momentum density

Having introduced the redshift-space momentum density p = (1 + �) u, and remembering
that d2

s [1 + �(s)] = d3
x [1 + �g(x)], we have [see also 2]
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=
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This means that, if p =: p
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At this point, using Eq. (2.6), we can introduce peculiar velocity kernels U
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and, thus, the peculiar velocity power spectrum and bispectrum are
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(2)(k1, k2) P (k1) P (k2) + 2 ki . (2.24)

The symmetrised kernels for peculiar velocities are readily obtained from the relations de-
scribed before and take the form
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�
. (2.26)

Equation (2.25) leads to the usual form of the peculiar velocity power spectrum, in full
agreement with the literature, whereas Eq. (2.26) is the first original result of this work.

3 Momentum density

Having introduced the redshift-space momentum density p = (1 + �) u, and remembering
that d2

s [1 + �(s)] = d3
x [1 + �g(x)], we have [see also 2]
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and, thus, the peculiar velocity power spectrum and bispectrum are
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. (2.26)

Equation (2.25) leads to the usual form of the peculiar velocity power spectrum, in full
agreement with the literature, whereas Eq. (2.26) is the first original result of this work.

3 Momentum density
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– 5 –

At this point, using Eq. (2.6), we can introduce peculiar velocity kernels U
(m) such that

u
(m)(k) =

Z

q1

. . .

Z

qm

�
(1)(q1) . . . �

(1)(qm) U
(m)(q1, . . . , qm) (2⇡)3 �D(q1...m � k) , (2.22)

and, thus, the peculiar velocity power spectrum and bispectrum are

Pu(k1) = U
(1)(k1) U

(1)(�k1) P (k1) , (2.23)

Bu(k1, k2) = 2U
(1)(k1) U

(1)(k2) U
(2)(k1, k2) P (k1) P (k2) + 2 ki . (2.24)

The symmetrised kernels for peculiar velocities are readily obtained from the relations de-
scribed before and take the form

U
(1)(k1) = �i H f D

µ1

k1
, (2.25)

U
(2)(k1, k2) = U

(1)(k12) D


G2(k1, k2) �

3

2
f µ1 µ2

(k12)2

k1 k2

�
. (2.26)

Equation (2.25) leads to the usual form of the peculiar velocity power spectrum, in full
agreement with the literature, whereas Eq. (2.26) is the first original result of this work.

3 Momentum density

Having introduced the redshift-space momentum density p = (1 + �) u, and remembering
that d2

s [1 + �(s)] = d3
x [1 + �g(x)], we have [see also 2]

p(k) =

Z

s
(2 ⇡)3 e�ik·s

p(s)

=

Z

x
(2 ⇡)3 e�ik·x e�i kk u(x)/H u(x) [1 + �g(x)]

=
1X

n=1

Z

x
(2 ⇡)3 e�ik·x [�i k µ u(x)/H]n�1

(n � 1)!
u(x) [1 + �g(x)]

= i

Z

q1

(2 ⇡)3 �D(q1 � k)
µ1

q1
✓(q1)

+ i

Z

q1

Z

q2

(2 ⇡)3 �D(q12 � k)
µ1

q1
✓(q1)


�g(q2) + k µ

µ2

q2

✓(q2)

H

�
+ . . . (3.1)

This means that, if p =: p
(1) + p

(2), we can introduce kernels that ultimately read

P
(1)(k1) = U

(1)(k1) , (3.2)

P
(2)(k1, k2) = U

(2)(k1, k2) + U
(1)(k12) D


f

2
µ1 µ2

(k12)2

k1 k2
+

b1

2

✓
µ1

k1
+

µ2

k2

◆
k12

µ12

�
, (3.3)

leading us to

Pp(k1) = Pu(k1) , (3.4)

Bp(k1, k2) = 2U
(1)(k1) U

(1)(k2) P
(2)(k1, k2) P (k1) P (k2) + 2 ki . (3.5)
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Peculiar velocities

• …from which 
 
 

• The kernel for the power spectrum coincides with the literature 
 

• The kernel for the bispectrum is a novel result

At this point, using Eq. (2.6), we can introduce peculiar velocity kernels U
(m) such that

u
(m)(k) =

Z

q1

. . .

Z

qm

�
(1)(q1) . . . �

(1)(qm) U
(m)(q1, . . . , qm) (2⇡)3 �D(q1...m � k) , (2.22)

and, thus, the peculiar velocity power spectrum and bispectrum are

Pu(k1) = U
(1)(k1) U

(1)(�k1) P (k1) , (2.23)

Bu(k1, k2) = 2U
(1)(k1) U

(1)(k2) U
(2)(k1, k2) P (k1) P (k2) + 2 ki . (2.24)

The symmetrised kernels for peculiar velocities are readily obtained from the relations de-
scribed before and take the form

U
(1)(k1) = �i H f D

µ1

k1
, (2.25)

U
(2)(k1, k2) = U

(1)(k12) D


G2(k1, k2) �

3

2
f µ1 µ2

(k12)2

k1 k2

�
. (2.26)

Equation (2.25) leads to the usual form of the peculiar velocity power spectrum, in full
agreement with the literature, whereas Eq. (2.26) is the first original result of this work.

3 Momentum density

Having introduced the redshift-space momentum density p = (1 + �) u, and remembering
that d2

s [1 + �(s)] = d3
x [1 + �g(x)], we have [see also 2]

p(k) =

Z

s
(2 ⇡)3 e�ik·s

p(s)

=

Z

x
(2 ⇡)3 e�ik·x e�i kk u(x)/H u(x) [1 + �g(x)]

=
1X

n=1

Z

x
(2 ⇡)3 e�ik·x [�i k µ u(x)/H]n�1

(n � 1)!
u(x) [1 + �g(x)]

= i

Z

q1

(2 ⇡)3 �D(q1 � k)
µ1

q1
✓(q1)

+ i

Z

q1

Z

q2

(2 ⇡)3 �D(q12 � k)
µ1

q1
✓(q1)


�g(q2) + k µ

µ2

q2

✓(q2)

H

�
+ . . . (3.1)

This means that, if p =: p
(1) + p

(2), we can introduce kernels that ultimately read

P
(1)(k1) = U

(1)(k1) , (3.2)

P
(2)(k1, k2) = U

(2)(k1, k2) + U
(1)(k12) D


f

2
µ1 µ2

(k12)2

k1 k2
+

b1

2

✓
µ1

k1
+

µ2

k2

◆
k12

µ12

�
, (3.3)

leading us to

Pp(k1) = Pu(k1) , (3.4)

Bp(k1, k2) = 2U
(1)(k1) U

(1)(k2) P
(2)(k1, k2) P (k1) P (k2) + 2 ki . (3.5)

– 5 –

At this point, using Eq. (2.6), we can introduce peculiar velocity kernels U
(m) such that

u
(m)(k) =

Z

q1

. . .

Z

qm

�
(1)(q1) . . . �

(1)(qm) U
(m)(q1, . . . , qm) (2⇡)3 �D(q1...m � k) , (2.22)

and, thus, the peculiar velocity power spectrum and bispectrum are

Pu(k1) = U
(1)(k1) U

(1)(�k1) P (k1) , (2.23)

Bu(k1, k2) = 2U
(1)(k1) U

(1)(k2) U
(2)(k1, k2) P (k1) P (k2) + 2 ki . (2.24)

The symmetrised kernels for peculiar velocities are readily obtained from the relations de-
scribed before and take the form

U
(1)(k1) = �i H f D

µ1

k1
, (2.25)

U
(2)(k1, k2) = U

(1)(k12) D


G2(k1, k2) �

3

2
f µ1 µ2

(k12)2

k1 k2

�
. (2.26)

Equation (2.25) leads to the usual form of the peculiar velocity power spectrum, in full
agreement with the literature, whereas Eq. (2.26) is the first original result of this work.

3 Momentum density

Having introduced the redshift-space momentum density p = (1 + �) u, and remembering
that d2

s [1 + �(s)] = d3
x [1 + �g(x)], we have [see also 2]

p(k) =

Z

s
(2 ⇡)3 e�ik·s

p(s)

=

Z

x
(2 ⇡)3 e�ik·x e�i kk u(x)/H u(x) [1 + �g(x)]

=
1X

n=1

Z

x
(2 ⇡)3 e�ik·x [�i k µ u(x)/H]n�1

(n � 1)!
u(x) [1 + �g(x)]

= i

Z

q1

(2 ⇡)3 �D(q1 � k)
µ1

q1
✓(q1)

+ i

Z

q1

Z

q2

(2 ⇡)3 �D(q12 � k)
µ1

q1
✓(q1)


�g(q2) + k µ

µ2

q2

✓(q2)

H

�
+ . . . (3.1)

This means that, if p =: p
(1) + p

(2), we can introduce kernels that ultimately read

P
(1)(k1) = U

(1)(k1) , (3.2)

P
(2)(k1, k2) = U

(2)(k1, k2) + U
(1)(k12) D


f

2
µ1 µ2

(k12)2

k1 k2
+

b1

2

✓
µ1

k1
+

µ2

k2

◆
k12

µ12

�
, (3.3)

leading us to

Pp(k1) = Pu(k1) , (3.4)

Bp(k1, k2) = 2U
(1)(k1) U

(1)(k2) P
(2)(k1, k2) P (k1) P (k2) + 2 ki . (3.5)

– 5 –

At this point, using Eq. (2.6), we can introduce peculiar velocity kernels U
(m) such that

u
(m)(k) =

Z

q1

. . .

Z

qm

�
(1)(q1) . . . �

(1)(qm) U
(m)(q1, . . . , qm) (2⇡)3 �D(q1...m � k) , (2.22)

and, thus, the peculiar velocity power spectrum and bispectrum are

Pu(k1) = U
(1)(k1) U

(1)(�k1) P (k1) , (2.23)

Bu(k1, k2) = 2U
(1)(k1) U

(1)(k2) U
(2)(k1, k2) P (k1) P (k2) + 2 ki . (2.24)

The symmetrised kernels for peculiar velocities are readily obtained from the relations de-
scribed before and take the form

U
(1)(k1) = �i H f D

µ1

k1
, (2.25)

U
(2)(k1, k2) = U

(1)(k12) D


G2(k1, k2) �

3

2
f µ1 µ2

(k12)2

k1 k2

�
. (2.26)

Equation (2.25) leads to the usual form of the peculiar velocity power spectrum, in full
agreement with the literature, whereas Eq. (2.26) is the first original result of this work.

3 Momentum density

Having introduced the redshift-space momentum density p = (1 + �) u, and remembering
that d2

s [1 + �(s)] = d3
x [1 + �g(x)], we have [see also 2]

p(k) =

Z

s
(2 ⇡)3 e�ik·s

p(s)

=

Z

x
(2 ⇡)3 e�ik·x e�i kk u(x)/H u(x) [1 + �g(x)]

=
1X

n=1

Z

x
(2 ⇡)3 e�ik·x [�i k µ u(x)/H]n�1

(n � 1)!
u(x) [1 + �g(x)]

= i

Z

q1

(2 ⇡)3 �D(q1 � k)
µ1

q1
✓(q1)

+ i

Z

q1

Z

q2

(2 ⇡)3 �D(q12 � k)
µ1

q1
✓(q1)


�g(q2) + k µ

µ2

q2

✓(q2)

H

�
+ . . . (3.1)

This means that, if p =: p
(1) + p

(2), we can introduce kernels that ultimately read

P
(1)(k1) = U

(1)(k1) , (3.2)

P
(2)(k1, k2) = U

(2)(k1, k2) + U
(1)(k12) D


f

2
µ1 µ2

(k12)2

k1 k2
+

b1

2

✓
µ1

k1
+

µ2

k2

◆
k12

µ12

�
, (3.3)

leading us to

Pp(k1) = Pu(k1) , (3.4)

Bp(k1, k2) = 2U
(1)(k1) U

(1)(k2) P
(2)(k1, k2) P (k1) P (k2) + 2 ki . (3.5)

– 5 –

At this point, using Eq. (2.6), we can introduce peculiar velocity kernels U
(m) such that

u
(m)(k) =

Z

q1

. . .

Z

qm

�
(1)(q1) . . . �

(1)(qm) U
(m)(q1, . . . , qm) (2⇡)3 �D(q1...m � k) , (2.22)

and, thus, the peculiar velocity power spectrum and bispectrum are

Pu(k1) = U
(1)(k1) U

(1)(�k1) P (k1) , (2.23)

Bu(k1, k2) = 2U
(1)(k1) U

(1)(k2) U
(2)(k1, k2) P (k1) P (k2) + 2 ki . (2.24)

The symmetrised kernels for peculiar velocities are readily obtained from the relations de-
scribed before and take the form

U
(1)(k1) = �i H f D

µ1

k1
, (2.25)

U
(2)(k1, k2) = U

(1)(k12) D


G2(k1, k2) �

3

2
f µ1 µ2

(k12)2

k1 k2

�
. (2.26)

Equation (2.25) leads to the usual form of the peculiar velocity power spectrum, in full
agreement with the literature, whereas Eq. (2.26) is the first original result of this work.

3 Momentum density

Having introduced the redshift-space momentum density p = (1 + �) u, and remembering
that d2

s [1 + �(s)] = d3
x [1 + �g(x)], we have [see also 2]

p(k) =

Z

s
(2 ⇡)3 e�ik·s

p(s)

=

Z

x
(2 ⇡)3 e�ik·x e�i kk u(x)/H u(x) [1 + �g(x)]

=
1X

n=1

Z

x
(2 ⇡)3 e�ik·x [�i k µ u(x)/H]n�1

(n � 1)!
u(x) [1 + �g(x)]

= i

Z

q1

(2 ⇡)3 �D(q1 � k)
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q1
✓(q1)

+ i

Z
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Z

q2
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q1
✓(q1)


�g(q2) + k µ
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q2

✓(q2)

H

�
+ . . . (3.1)

This means that, if p =: p
(1) + p

(2), we can introduce kernels that ultimately read

P
(1)(k1) = U

(1)(k1) , (3.2)

P
(2)(k1, k2) = U

(2)(k1, k2) + U
(1)(k12) D


f

2
µ1 µ2

(k12)2

k1 k2
+

b1

2

✓
µ1

k1
+

µ2

k2

◆
k12

µ12

�
, (3.3)

leading us to

Pp(k1) = Pu(k1) , (3.4)

Bp(k1, k2) = 2U
(1)(k1) U

(1)(k2) P
(2)(k1, k2) P (k1) P (k2) + 2 ki . (3.5)
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Momentum density

• Momentum density is the density-weighted peculiar velocity field 

• …from which

<latexit sha1_base64="fVfCM1Pt2IqPLhuHfyDPIBFXLtw=">AAACBnicZVA7SwNBEJ6L7/iKChZqcSiCYgh3FmoZ1MIyglHBC2FvM9HFvd1zd04IQbD0X9hZ+ijE1j9h4b9xL7HwMTDMN9/OY+eLUyksBcGnVxgYHBoeGR0rjk9MTk2XZmaPrc4MxzrXUpvTmFmUQmGdBEk8TQ2yJJZ4El/u5e8n12is0OqIOik2EnauRFtwRo5qlhbSKB+i8OpqLdyIrpnZR0lsPSpnzdJKUAl65v8H4TdYqS5D4X7+ZanWLH1ELc2zBBVxyaw9C4OUGl1mSHCJN8Uos5gyfsnO8cxBxRK0jW7vhht/1TEtv62Nc0V+j/3Z0WWJtZ0kLruYMLrIY15py3lGWktbjhM3J0/t713U3ml0hUozQsX7q9qZ9En7uSR+SxjkJDsOMG6E+63PL5hhnJxwxaLTIfx79X9wvFkJtypbh06QXejbKCzCMqxBCNtQhQOoQR043MIDPMGzd+c9eq/eW7+04H33zMEv896/ALy2mgs=</latexit>

p := (1 +∆)u

At this point, using Eq. (2.6), we can introduce peculiar velocity kernels U
(m) such that

u
(m)(k) =

Z

q1

. . .

Z

qm

�
(1)(q1) . . . �

(1)(qm) U
(m)(q1, . . . , qm) (2⇡)3 �D(q1...m � k) , (2.22)

and, thus, the peculiar velocity power spectrum and bispectrum are

Pu(k1) = U
(1)(k1) U

(1)(�k1) P (k1) , (2.23)

Bu(k1, k2) = 2U
(1)(k1) U

(1)(k2) U
(2)(k1, k2) P (k1) P (k2) + 2 ki . (2.24)

The symmetrised kernels for peculiar velocities are readily obtained from the relations de-
scribed before and take the form

U
(1)(k1) = �i H f D

µ1

k1
, (2.25)

U
(2)(k1, k2) = U

(1)(k12) D


G2(k1, k2) �

3

2
f µ1 µ2

(k12)2

k1 k2

�
. (2.26)

Equation (2.25) leads to the usual form of the peculiar velocity power spectrum, in full
agreement with the literature, whereas Eq. (2.26) is the first original result of this work.

3 Momentum density

Having introduced the redshift-space momentum density p = (1 + �) u, and remembering
that d2

s [1 + �(s)] = d3
x [1 + �g(x)], we have [see also 2]

p(k) =

Z

s
(2 ⇡)3 e�ik·s

p(s)

=

Z

x
(2 ⇡)3 e�ik·x e�i kk u(x)/H u(x) [1 + �g(x)]

=
1X
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Z
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H
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+ . . . (3.1)

This means that, if p =: p
(1) + p

(2), we can introduce kernels that ultimately read

P
(1)(k1) = U

(1)(k1) , (3.2)

P
(2)(k1, k2) = U
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�
, (3.3)

leading us to

Pp(k1) = Pu(k1) , (3.4)

Bp(k1, k2) = 2U
(1)(k1) U

(1)(k2) P
(2)(k1, k2) P (k1) P (k2) + 2 ki . (3.5)

– 5 –

At this point, using Eq. (2.6), we can introduce peculiar velocity kernels U
(m) such that
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and, thus, the peculiar velocity power spectrum and bispectrum are

Pu(k1) = U
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Bu(k1, k2) = 2U
(1)(k1) U

(1)(k2) U
(2)(k1, k2) P (k1) P (k2) + 2 ki . (2.24)

The symmetrised kernels for peculiar velocities are readily obtained from the relations de-
scribed before and take the form
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U
(2)(k1, k2) = U

(1)(k12) D


G2(k1, k2) �

3

2
f µ1 µ2

(k12)2

k1 k2

�
. (2.26)

Equation (2.25) leads to the usual form of the peculiar velocity power spectrum, in full
agreement with the literature, whereas Eq. (2.26) is the first original result of this work.

3 Momentum density

Having introduced the redshift-space momentum density p = (1 + �) u, and remembering
that d2

s [1 + �(s)] = d3
x [1 + �g(x)], we have [see also 2]
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This means that, if p =: p
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(2), we can introduce kernels that ultimately read
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leading us to

Pp(k1) = Pu(k1) , (3.4)

Bp(k1, k2) = 2U
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(1)(k2) P
(2)(k1, k2) P (k1) P (k2) + 2 ki . (3.5)
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Constructing bispectra
<latexit sha1_base64="PXgtmGyMynVL/N3fgHwOt+0Gh/s=">AAACAXicdVC7SgNBFJ31GTc+omJlMxgEbZbdgI90QRvLCOYh2TXMTibJkJnZZWZWCGsqP8FK0M7GTmz9Emt/wQ9wkigYHwcuHM65l3vvCWNGlXbdV2tqemZ2bj6zYGcXl5ZXcqtrVRUlEpMKjlgk6yFShFFBKppqRuqxJIiHjNTC3vHQr10SqWgkznQ/JgFHHUHbFCNtpHO/izTsNf2rZi7vOoViseh68DfxHHeEfGn39mHj/SJbbube/FaEE06Exgwp1fDcWAcpkppiRga2nygSI9xDHdIwVCBOVJCODh7AbaO0YDuSpoSGI/X7RIq4Un0emk6OdFf99IbiX14j0e3DIKUiTjQReLyonTCoIzj8HraoJFizviEIS2puhbiLJMLaZDSxJeQD2zapfL0O/yfVguPtO3unJp4jMEYGbIItsAM8cABK4ASUQQVgwMENuAP31rX1aD1Zz+PWKetzZh1MwHr5AE1gml0=</latexit>

k̂∥

<latexit sha1_base64="KHVC7e7hZuBTN8QcI4qA/fRRh9s=">AAACCXicdVDLSsNAFJ3UV03VRsWVm8EqdBWSgo/uim5cVrAPaEKYTCft0MmDmYlQQvwB/QFxqx/gTtz6Fa79EaetgvVx4MLhnHu59x4/YVRIy3rTCguLS8srxVW9tLa+UTY2t9oiTjkmLRyzmHd9JAijEWlJKhnpJpyg0Gek44/OJn7ninBB4+hSjhPihmgQ0YBiJJXkGWVniCQceZntJIQnuWdULLNWr9ctG/4mtmlNUWns3N1eV/dLTc94d/oxTkMSScyQED3bSqSbIS4pZiTXnVSQBOERGpCeohEKiXCz6eE5PFBKHwYxVxVJOFW/T2QoFGIc+qozRHIofnoT8S+vl8rgxM1olKSSRHi2KEgZlDGcpAD7lBMs2VgRhDlVt0I8RBxhqbKa2+KHua6rVL5eh/+Tds20j8zDCxXPKZihCHbBHqgCGxyDBjgHTdACGKTgHjyAR+1Ge9KetZdZa0H7nNkGc9BePwBsk5xl</latexit>

k̂1⊥

<latexit sha1_base64="74NSTcxG9fnJqiOHrKay0Dvyz1c=">AAACCXicdVDLSsNAFJ3UV03VRsWVm8EqdBWSgo/uim5cVrAPaEKYTCft0MmDmYlQQvwB/QFxqx/gTtz6Fa79EaetgvVx4MLhnHu59x4/YVRIy3rTCguLS8srxVW9tLa+UTY2t9oiTjkmLRyzmHd9JAijEWlJKhnpJpyg0Gek44/OJn7ninBB4+hSjhPihmgQ0YBiJJXkGWVniCQceVnNSQhPcs+oWGatXq9bNvxNbNOaotLYubu9ru6Xmp7x7vRjnIYkkpghIXq2lUg3Q1xSzEiuO6kgCcIjNCA9RSMUEuFm08NzeKCUPgxiriqScKp+n8hQKMQ49FVniORQ/PQm4l9eL5XBiZvRKEklifBsUZAyKGM4SQH2KSdYsrEiCHOqboV4iDjCUmU1t8UPc11XqXy9Dv8n7ZppH5mHFyqeUzBDEeyCPVAFNjgGDXAOmqAFMEjBPXgAj9qN9qQ9ay+z1oL2ObMN5qC9fgBuLpxm</latexit>

k̂2⊥
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Constructing bispectra

<latexit sha1_base64="KHVC7e7hZuBTN8QcI4qA/fRRh9s=">AAACCXicdVDLSsNAFJ3UV03VRsWVm8EqdBWSgo/uim5cVrAPaEKYTCft0MmDmYlQQvwB/QFxqx/gTtz6Fa79EaetgvVx4MLhnHu59x4/YVRIy3rTCguLS8srxVW9tLa+UTY2t9oiTjkmLRyzmHd9JAijEWlJKhnpJpyg0Gek44/OJn7ninBB4+hSjhPihmgQ0YBiJJXkGWVniCQceZntJIQnuWdULLNWr9ctG/4mtmlNUWns3N1eV/dLTc94d/oxTkMSScyQED3bSqSbIS4pZiTXnVSQBOERGpCeohEKiXCz6eE5PFBKHwYxVxVJOFW/T2QoFGIc+qozRHIofnoT8S+vl8rgxM1olKSSRHi2KEgZlDGcpAD7lBMs2VgRhDlVt0I8RBxhqbKa2+KHua6rVL5eh/+Tds20j8zDCxXPKZihCHbBHqgCGxyDBjgHTdACGKTgHjyAR+1Ge9KetZdZa0H7nNkGc9BePwBsk5xl</latexit>

k̂1⊥

<latexit sha1_base64="PXgtmGyMynVL/N3fgHwOt+0Gh/s=">AAACAXicdVC7SgNBFJ31GTc+omJlMxgEbZbdgI90QRvLCOYh2TXMTibJkJnZZWZWCGsqP8FK0M7GTmz9Emt/wQ9wkigYHwcuHM65l3vvCWNGlXbdV2tqemZ2bj6zYGcXl5ZXcqtrVRUlEpMKjlgk6yFShFFBKppqRuqxJIiHjNTC3vHQr10SqWgkznQ/JgFHHUHbFCNtpHO/izTsNf2rZi7vOoViseh68DfxHHeEfGn39mHj/SJbbube/FaEE06Exgwp1fDcWAcpkppiRga2nygSI9xDHdIwVCBOVJCODh7AbaO0YDuSpoSGI/X7RIq4Un0emk6OdFf99IbiX14j0e3DIKUiTjQReLyonTCoIzj8HraoJFizviEIS2puhbiLJMLaZDSxJeQD2zapfL0O/yfVguPtO3unJp4jMEYGbIItsAM8cABK4ASUQQVgwMENuAP31rX1aD1Zz+PWKetzZh1MwHr5AE1gml0=</latexit>

k̂∥

<latexit sha1_base64="74NSTcxG9fnJqiOHrKay0Dvyz1c=">AAACCXicdVDLSsNAFJ3UV03VRsWVm8EqdBWSgo/uim5cVrAPaEKYTCft0MmDmYlQQvwB/QFxqx/gTtz6Fa79EaetgvVx4MLhnHu59x4/YVRIy3rTCguLS8srxVW9tLa+UTY2t9oiTjkmLRyzmHd9JAijEWlJKhnpJpyg0Gek44/OJn7ninBB4+hSjhPihmgQ0YBiJJXkGWVniCQceVnNSQhPcs+oWGatXq9bNvxNbNOaotLYubu9ru6Xmp7x7vRjnIYkkpghIXq2lUg3Q1xSzEiuO6kgCcIjNCA9RSMUEuFm08NzeKCUPgxiriqScKp+n8hQKMQ49FVniORQ/PQm4l9eL5XBiZvRKEklifBsUZAyKGM4SQH2KSdYsrEiCHOqboV4iDjCUmU1t8UPc11XqXy9Dv8n7ZppH5mHFyqeUzBDEeyCPVAFNjgGDXAOmqAFMEjBPXgAj9qN9qQ9ay+z1oL2ObMN5qC9fgBuLpxm</latexit>

k̂2⊥

<latexit sha1_base64="ZQGKKlkkK+aD9IymqG6Z/9JcTuU=">AAAB/3icdVDLSsNAFJ34rKmPqrhyM1iFrkISTO2y6MZlBfuANpTJdNIOnUnCzEQooYJ7Ny7VD3Anbv0U1/6I04dgRQ9cOJxzL/feEySMSmXbH8bS8srq2npuw8xvbm3vFHb3GjJOBSZ1HLNYtAIkCaMRqSuqGGklgiAeMNIMhhcTv3lDhKRxdK1GCfE56kc0pBgpLTU7AYfDrtMtFG2rcmp7ngtty55CE8etuGUPOnOlWD14vL8tHedr3cJnpxfjlJNIYYakbDt2ovwMCUUxI2Ozk0qSIDxEfdLWNEKcSD+bnjuGJ1rpwTAWuiIFp+rPiQxxKUc80J0cqYH87U3Ev7x2qsKKn9EoSRWJ8GxRmDKoYjj5HfaoIFixkSYIC6pvhXiABMJKJ7SwJeBj09SpfL8O/ycN13LKlnel4zkHM+TAITgCJeCAM1AFl6AG6gCDIXgAT+DZuDNejFfjbda6ZMxn9sECjPcv7NuYQQ==</latexit>

k1

<latexit sha1_base64="bDkPbAtGSuwIPsSlTbe405+7c+4=">AAAB/3icdVDLSsNAFJ34rKmPqrhyM1iFrkISTO2y6MZlBfuANpTJdNIOnUnCzEQooYJ7Ny7VD3Anbv0U1/6I04dgRQ9cOJxzL/feEySMSmXbH8bS8srq2npuw8xvbm3vFHb3GjJOBSZ1HLNYtAIkCaMRqSuqGGklgiAeMNIMhhcTv3lDhKRxdK1GCfE56kc0pBgpLTU7AYfDrtstFG2rcmp7ngtty55CE8etuGUPOnOlWD14vL8tHedr3cJnpxfjlJNIYYakbDt2ovwMCUUxI2Ozk0qSIDxEfdLWNEKcSD+bnjuGJ1rpwTAWuiIFp+rPiQxxKUc80J0cqYH87U3Ev7x2qsKKn9EoSRWJ8GxRmDKoYjj5HfaoIFixkSYIC6pvhXiABMJKJ7SwJeBj09SpfL8O/ycN13LKlnel4zkHM+TAITgCJeCAM1AFl6AG6gCDIXgAT+DZuDNejFfjbda6ZMxn9sECjPcv7nCYQg==</latexit>

k2

<latexit sha1_base64="II0jYe5DSlxTCbe9KdXzcFaapxc=">AAAB/3icdVDLSsNAFJ3UV019VMWVm8EqdFWSaGqXRTcuK9gHtKFMptN2yEwSZiZCCRXcu3GpfoA7ceunuPZHnD4EK3rgwuGce7n3Hj9mVCrL+jAyS8srq2vZdTO3sbm1nd/ZbcgoEZjUccQi0fKRJIyGpK6oYqQVC4K4z0jTDy4mfvOGCEmj8FqNYuJxNAhpn2KktNTs+BwG3ZNuvmCVKqeW6zrQKllTaGI7FafsQnuuFKr7j/e3xaNcrZv/7PQinHASKsyQlG3bipWXIqEoZmRsdhJJYoQDNCBtTUPEifTS6bljeKyVHuxHQleo4FT9OZEiLuWI+7qTIzWUv72J+JfXTlS/4qU0jBNFQjxb1E8YVBGc/A57VBCs2EgThAXVt0I8RAJhpRNa2OLzsWnqVL5fh/+ThlOyyyX3SsdzDmbIggNwCIrABmegCi5BDdQBBgF4AE/g2bgzXoxX423WmjHmM3tgAcb7F/AFmEM=</latexit>

k3
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Constructing bispectra

<latexit sha1_base64="KHVC7e7hZuBTN8QcI4qA/fRRh9s=">AAACCXicdVDLSsNAFJ3UV03VRsWVm8EqdBWSgo/uim5cVrAPaEKYTCft0MmDmYlQQvwB/QFxqx/gTtz6Fa79EaetgvVx4MLhnHu59x4/YVRIy3rTCguLS8srxVW9tLa+UTY2t9oiTjkmLRyzmHd9JAijEWlJKhnpJpyg0Gek44/OJn7ninBB4+hSjhPihmgQ0YBiJJXkGWVniCQceZntJIQnuWdULLNWr9ctG/4mtmlNUWns3N1eV/dLTc94d/oxTkMSScyQED3bSqSbIS4pZiTXnVSQBOERGpCeohEKiXCz6eE5PFBKHwYxVxVJOFW/T2QoFGIc+qozRHIofnoT8S+vl8rgxM1olKSSRHi2KEgZlDGcpAD7lBMs2VgRhDlVt0I8RBxhqbKa2+KHua6rVL5eh/+Tds20j8zDCxXPKZihCHbBHqgCGxyDBjgHTdACGKTgHjyAR+1Ge9KetZdZa0H7nNkGc9BePwBsk5xl</latexit>

k̂1⊥

<latexit sha1_base64="PXgtmGyMynVL/N3fgHwOt+0Gh/s=">AAACAXicdVC7SgNBFJ31GTc+omJlMxgEbZbdgI90QRvLCOYh2TXMTibJkJnZZWZWCGsqP8FK0M7GTmz9Emt/wQ9wkigYHwcuHM65l3vvCWNGlXbdV2tqemZ2bj6zYGcXl5ZXcqtrVRUlEpMKjlgk6yFShFFBKppqRuqxJIiHjNTC3vHQr10SqWgkznQ/JgFHHUHbFCNtpHO/izTsNf2rZi7vOoViseh68DfxHHeEfGn39mHj/SJbbube/FaEE06Exgwp1fDcWAcpkppiRga2nygSI9xDHdIwVCBOVJCODh7AbaO0YDuSpoSGI/X7RIq4Un0emk6OdFf99IbiX14j0e3DIKUiTjQReLyonTCoIzj8HraoJFizviEIS2puhbiLJMLaZDSxJeQD2zapfL0O/yfVguPtO3unJp4jMEYGbIItsAM8cABK4ASUQQVgwMENuAP31rX1aD1Zz+PWKetzZh1MwHr5AE1gml0=</latexit>

k̂∥

<latexit sha1_base64="74NSTcxG9fnJqiOHrKay0Dvyz1c=">AAACCXicdVDLSsNAFJ3UV03VRsWVm8EqdBWSgo/uim5cVrAPaEKYTCft0MmDmYlQQvwB/QFxqx/gTtz6Fa79EaetgvVx4MLhnHu59x4/YVRIy3rTCguLS8srxVW9tLa+UTY2t9oiTjkmLRyzmHd9JAijEWlJKhnpJpyg0Gek44/OJn7ninBB4+hSjhPihmgQ0YBiJJXkGWVniCQceVnNSQhPcs+oWGatXq9bNvxNbNOaotLYubu9ru6Xmp7x7vRjnIYkkpghIXq2lUg3Q1xSzEiuO6kgCcIjNCA9RSMUEuFm08NzeKCUPgxiriqScKp+n8hQKMQ49FVniORQ/PQm4l9eL5XBiZvRKEklifBsUZAyKGM4SQH2KSdYsrEiCHOqboV4iDjCUmU1t8UPc11XqXy9Dv8n7ZppH5mHFyqeUzBDEeyCPVAFNjgGDXAOmqAFMEjBPXgAj9qN9qQ9ay+z1oL2ObMN5qC9fgBuLpxm</latexit>

k̂2⊥

<latexit sha1_base64="ZQGKKlkkK+aD9IymqG6Z/9JcTuU=">AAAB/3icdVDLSsNAFJ34rKmPqrhyM1iFrkISTO2y6MZlBfuANpTJdNIOnUnCzEQooYJ7Ny7VD3Anbv0U1/6I04dgRQ9cOJxzL/feEySMSmXbH8bS8srq2npuw8xvbm3vFHb3GjJOBSZ1HLNYtAIkCaMRqSuqGGklgiAeMNIMhhcTv3lDhKRxdK1GCfE56kc0pBgpLTU7AYfDrtMtFG2rcmp7ngtty55CE8etuGUPOnOlWD14vL8tHedr3cJnpxfjlJNIYYakbDt2ovwMCUUxI2Ozk0qSIDxEfdLWNEKcSD+bnjuGJ1rpwTAWuiIFp+rPiQxxKUc80J0cqYH87U3Ev7x2qsKKn9EoSRWJ8GxRmDKoYjj5HfaoIFixkSYIC6pvhXiABMJKJ7SwJeBj09SpfL8O/ycN13LKlnel4zkHM+TAITgCJeCAM1AFl6AG6gCDIXgAT+DZuDNejFfjbda6ZMxn9sECjPcv7NuYQQ==</latexit>

k1

<latexit sha1_base64="bDkPbAtGSuwIPsSlTbe405+7c+4=">AAAB/3icdVDLSsNAFJ34rKmPqrhyM1iFrkISTO2y6MZlBfuANpTJdNIOnUnCzEQooYJ7Ny7VD3Anbv0U1/6I04dgRQ9cOJxzL/feEySMSmXbH8bS8srq2npuw8xvbm3vFHb3GjJOBSZ1HLNYtAIkCaMRqSuqGGklgiAeMNIMhhcTv3lDhKRxdK1GCfE56kc0pBgpLTU7AYfDrtstFG2rcmp7ngtty55CE8etuGUPOnOlWD14vL8tHedr3cJnpxfjlJNIYYakbDt2ovwMCUUxI2Ozk0qSIDxEfdLWNEKcSD+bnjuGJ1rpwTAWuiIFp+rPiQxxKUc80J0cqYH87U3Ev7x2qsKKn9EoSRWJ8GxRmDKoYjj5HfaoIFixkSYIC6pvhXiABMJKJ7SwJeBj09SpfL8O/ycN13LKlnel4zkHM+TAITgCJeCAM1AFl6AG6gCDIXgAT+DZuDNejFfjbda6ZMxn9sECjPcv7nCYQg==</latexit>

k2

<latexit sha1_base64="II0jYe5DSlxTCbe9KdXzcFaapxc=">AAAB/3icdVDLSsNAFJ3UV019VMWVm8EqdFWSaGqXRTcuK9gHtKFMptN2yEwSZiZCCRXcu3GpfoA7ceunuPZHnD4EK3rgwuGce7n3Hj9mVCrL+jAyS8srq2vZdTO3sbm1nd/ZbcgoEZjUccQi0fKRJIyGpK6oYqQVC4K4z0jTDy4mfvOGCEmj8FqNYuJxNAhpn2KktNTs+BwG3ZNuvmCVKqeW6zrQKllTaGI7FafsQnuuFKr7j/e3xaNcrZv/7PQinHASKsyQlG3bipWXIqEoZmRsdhJJYoQDNCBtTUPEifTS6bljeKyVHuxHQleo4FT9OZEiLuWI+7qTIzWUv72J+JfXTlS/4qU0jBNFQjxb1E8YVBGc/A57VBCs2EgThAXVt0I8RAJhpRNa2OLzsWnqVL5fh/+ThlOyyyX3SsdzDmbIggNwCIrABmegCi5BDdQBBgF4AE/g2bgzXoxX423WmjHmM3tgAcb7F/AFmEM=</latexit>

k3

• # of dof: 

• 3 3D  = 9ki
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Constructing bispectra

<latexit sha1_base64="KHVC7e7hZuBTN8QcI4qA/fRRh9s=">AAACCXicdVDLSsNAFJ3UV03VRsWVm8EqdBWSgo/uim5cVrAPaEKYTCft0MmDmYlQQvwB/QFxqx/gTtz6Fa79EaetgvVx4MLhnHu59x4/YVRIy3rTCguLS8srxVW9tLa+UTY2t9oiTjkmLRyzmHd9JAijEWlJKhnpJpyg0Gek44/OJn7ninBB4+hSjhPihmgQ0YBiJJXkGWVniCQceZntJIQnuWdULLNWr9ctG/4mtmlNUWns3N1eV/dLTc94d/oxTkMSScyQED3bSqSbIS4pZiTXnVSQBOERGpCeohEKiXCz6eE5PFBKHwYxVxVJOFW/T2QoFGIc+qozRHIofnoT8S+vl8rgxM1olKSSRHi2KEgZlDGcpAD7lBMs2VgRhDlVt0I8RBxhqbKa2+KHua6rVL5eh/+Tds20j8zDCxXPKZihCHbBHqgCGxyDBjgHTdACGKTgHjyAR+1Ge9KetZdZa0H7nNkGc9BePwBsk5xl</latexit>

k̂1⊥

<latexit sha1_base64="PXgtmGyMynVL/N3fgHwOt+0Gh/s=">AAACAXicdVC7SgNBFJ31GTc+omJlMxgEbZbdgI90QRvLCOYh2TXMTibJkJnZZWZWCGsqP8FK0M7GTmz9Emt/wQ9wkigYHwcuHM65l3vvCWNGlXbdV2tqemZ2bj6zYGcXl5ZXcqtrVRUlEpMKjlgk6yFShFFBKppqRuqxJIiHjNTC3vHQr10SqWgkznQ/JgFHHUHbFCNtpHO/izTsNf2rZi7vOoViseh68DfxHHeEfGn39mHj/SJbbube/FaEE06Exgwp1fDcWAcpkppiRga2nygSI9xDHdIwVCBOVJCODh7AbaO0YDuSpoSGI/X7RIq4Un0emk6OdFf99IbiX14j0e3DIKUiTjQReLyonTCoIzj8HraoJFizviEIS2puhbiLJMLaZDSxJeQD2zapfL0O/yfVguPtO3unJp4jMEYGbIItsAM8cABK4ASUQQVgwMENuAP31rX1aD1Zz+PWKetzZh1MwHr5AE1gml0=</latexit>

k̂∥

<latexit sha1_base64="74NSTcxG9fnJqiOHrKay0Dvyz1c=">AAACCXicdVDLSsNAFJ3UV03VRsWVm8EqdBWSgo/uim5cVrAPaEKYTCft0MmDmYlQQvwB/QFxqx/gTtz6Fa79EaetgvVx4MLhnHu59x4/YVRIy3rTCguLS8srxVW9tLa+UTY2t9oiTjkmLRyzmHd9JAijEWlJKhnpJpyg0Gek44/OJn7ninBB4+hSjhPihmgQ0YBiJJXkGWVniCQceVnNSQhPcs+oWGatXq9bNvxNbNOaotLYubu9ru6Xmp7x7vRjnIYkkpghIXq2lUg3Q1xSzEiuO6kgCcIjNCA9RSMUEuFm08NzeKCUPgxiriqScKp+n8hQKMQ49FVniORQ/PQm4l9eL5XBiZvRKEklifBsUZAyKGM4SQH2KSdYsrEiCHOqboV4iDjCUmU1t8UPc11XqXy9Dv8n7ZppH5mHFyqeUzBDEeyCPVAFNjgGDXAOmqAFMEjBPXgAj9qN9qQ9ay+z1oL2ObMN5qC9fgBuLpxm</latexit>

k̂2⊥

<latexit sha1_base64="ZQGKKlkkK+aD9IymqG6Z/9JcTuU=">AAAB/3icdVDLSsNAFJ34rKmPqrhyM1iFrkISTO2y6MZlBfuANpTJdNIOnUnCzEQooYJ7Ny7VD3Anbv0U1/6I04dgRQ9cOJxzL/feEySMSmXbH8bS8srq2npuw8xvbm3vFHb3GjJOBSZ1HLNYtAIkCaMRqSuqGGklgiAeMNIMhhcTv3lDhKRxdK1GCfE56kc0pBgpLTU7AYfDrtMtFG2rcmp7ngtty55CE8etuGUPOnOlWD14vL8tHedr3cJnpxfjlJNIYYakbDt2ovwMCUUxI2Ozk0qSIDxEfdLWNEKcSD+bnjuGJ1rpwTAWuiIFp+rPiQxxKUc80J0cqYH87U3Ev7x2qsKKn9EoSRWJ8GxRmDKoYjj5HfaoIFixkSYIC6pvhXiABMJKJ7SwJeBj09SpfL8O/ycN13LKlnel4zkHM+TAITgCJeCAM1AFl6AG6gCDIXgAT+DZuDNejFfjbda6ZMxn9sECjPcv7NuYQQ==</latexit>

k1

<latexit sha1_base64="bDkPbAtGSuwIPsSlTbe405+7c+4=">AAAB/3icdVDLSsNAFJ34rKmPqrhyM1iFrkISTO2y6MZlBfuANpTJdNIOnUnCzEQooYJ7Ny7VD3Anbv0U1/6I04dgRQ9cOJxzL/feEySMSmXbH8bS8srq2npuw8xvbm3vFHb3GjJOBSZ1HLNYtAIkCaMRqSuqGGklgiAeMNIMhhcTv3lDhKRxdK1GCfE56kc0pBgpLTU7AYfDrtstFG2rcmp7ngtty55CE8etuGUPOnOlWD14vL8tHedr3cJnpxfjlJNIYYakbDt2ovwMCUUxI2Ozk0qSIDxEfdLWNEKcSD+bnjuGJ1rpwTAWuiIFp+rPiQxxKUc80J0cqYH87U3Ev7x2qsKKn9EoSRWJ8GxRmDKoYjj5HfaoIFixkSYIC6pvhXiABMJKJ7SwJeBj09SpfL8O/ycN13LKlnel4zkHM+TAITgCJeCAM1AFl6AG6gCDIXgAT+DZuDNejFfjbda6ZMxn9sECjPcv7nCYQg==</latexit>

k2

<latexit sha1_base64="II0jYe5DSlxTCbe9KdXzcFaapxc=">AAAB/3icdVDLSsNAFJ3UV019VMWVm8EqdFWSaGqXRTcuK9gHtKFMptN2yEwSZiZCCRXcu3GpfoA7ceunuPZHnD4EK3rgwuGce7n3Hj9mVCrL+jAyS8srq2vZdTO3sbm1nd/ZbcgoEZjUccQi0fKRJIyGpK6oYqQVC4K4z0jTDy4mfvOGCEmj8FqNYuJxNAhpn2KktNTs+BwG3ZNuvmCVKqeW6zrQKllTaGI7FafsQnuuFKr7j/e3xaNcrZv/7PQinHASKsyQlG3bipWXIqEoZmRsdhJJYoQDNCBtTUPEifTS6bljeKyVHuxHQleo4FT9OZEiLuWI+7qTIzWUv72J+JfXTlS/4qU0jBNFQjxb1E8YVBGc/A57VBCs2EgThAXVt0I8RAJhpRNa2OLzsWnqVL5fh/+ThlOyyyX3SsdzDmbIggNwCIrABmegCi5BDdQBBgF4AE/g2bgzXoxX423WmjHmM3tgAcb7F/AFmEM=</latexit>

k3

• # of dof: 

• 3 3D  = 9 

• But cosmological principle: 

• –3 rotations (isotropy) 

• –3 translations (homogeneity)
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Constructing bispectra

<latexit sha1_base64="KHVC7e7hZuBTN8QcI4qA/fRRh9s=">AAACCXicdVDLSsNAFJ3UV03VRsWVm8EqdBWSgo/uim5cVrAPaEKYTCft0MmDmYlQQvwB/QFxqx/gTtz6Fa79EaetgvVx4MLhnHu59x4/YVRIy3rTCguLS8srxVW9tLa+UTY2t9oiTjkmLRyzmHd9JAijEWlJKhnpJpyg0Gek44/OJn7ninBB4+hSjhPihmgQ0YBiJJXkGWVniCQceZntJIQnuWdULLNWr9ctG/4mtmlNUWns3N1eV/dLTc94d/oxTkMSScyQED3bSqSbIS4pZiTXnVSQBOERGpCeohEKiXCz6eE5PFBKHwYxVxVJOFW/T2QoFGIc+qozRHIofnoT8S+vl8rgxM1olKSSRHi2KEgZlDGcpAD7lBMs2VgRhDlVt0I8RBxhqbKa2+KHua6rVL5eh/+Tds20j8zDCxXPKZihCHbBHqgCGxyDBjgHTdACGKTgHjyAR+1Ge9KetZdZa0H7nNkGc9BePwBsk5xl</latexit>

k̂1⊥

<latexit sha1_base64="PXgtmGyMynVL/N3fgHwOt+0Gh/s=">AAACAXicdVC7SgNBFJ31GTc+omJlMxgEbZbdgI90QRvLCOYh2TXMTibJkJnZZWZWCGsqP8FK0M7GTmz9Emt/wQ9wkigYHwcuHM65l3vvCWNGlXbdV2tqemZ2bj6zYGcXl5ZXcqtrVRUlEpMKjlgk6yFShFFBKppqRuqxJIiHjNTC3vHQr10SqWgkznQ/JgFHHUHbFCNtpHO/izTsNf2rZi7vOoViseh68DfxHHeEfGn39mHj/SJbbube/FaEE06Exgwp1fDcWAcpkppiRga2nygSI9xDHdIwVCBOVJCODh7AbaO0YDuSpoSGI/X7RIq4Un0emk6OdFf99IbiX14j0e3DIKUiTjQReLyonTCoIzj8HraoJFizviEIS2puhbiLJMLaZDSxJeQD2zapfL0O/yfVguPtO3unJp4jMEYGbIItsAM8cABK4ASUQQVgwMENuAP31rX1aD1Zz+PWKetzZh1MwHr5AE1gml0=</latexit>

k̂∥

<latexit sha1_base64="74NSTcxG9fnJqiOHrKay0Dvyz1c=">AAACCXicdVDLSsNAFJ3UV03VRsWVm8EqdBWSgo/uim5cVrAPaEKYTCft0MmDmYlQQvwB/QFxqx/gTtz6Fa79EaetgvVx4MLhnHu59x4/YVRIy3rTCguLS8srxVW9tLa+UTY2t9oiTjkmLRyzmHd9JAijEWlJKhnpJpyg0Gek44/OJn7ninBB4+hSjhPihmgQ0YBiJJXkGWVniCQceVnNSQhPcs+oWGatXq9bNvxNbNOaotLYubu9ru6Xmp7x7vRjnIYkkpghIXq2lUg3Q1xSzEiuO6kgCcIjNCA9RSMUEuFm08NzeKCUPgxiriqScKp+n8hQKMQ49FVniORQ/PQm4l9eL5XBiZvRKEklifBsUZAyKGM4SQH2KSdYsrEiCHOqboV4iDjCUmU1t8UPc11XqXy9Dv8n7ZppH5mHFyqeUzBDEeyCPVAFNjgGDXAOmqAFMEjBPXgAj9qN9qQ9ay+z1oL2ObMN5qC9fgBuLpxm</latexit>

k̂2⊥

<latexit sha1_base64="LCGACJtddfQJz9BDetohx63PPj8=">AAACA3icdVDLSgMxFM34rOOr6tJNsAiuhkxLp3ZXdOOygn1Ap5RMmrahSWZIMkIZuvQT3OoHuBO3fohrf8T0IVjRAxcO59zLvfdECWfaIPThrK1vbG5t53bc3b39g8P80XFTx6kitEFiHqt2hDXlTNKGYYbTdqIoFhGnrWh8PfNb91RpFss7M0loV+ChZANGsLFSJxxhk4WRgHLayxeQ51dRsRxA5JUC5JeQJZVK2a8G0PfQHAWwRL2X/wz7MUkFlYZwrHXHR4npZlgZRjidumGqaYLJGA9px1KJBdXdbH7yFJ5bpQ8HsbIlDZyrPycyLLSeiMh2CmxG+rc3E//yOqkZXHYzJpPUUEkWiwYphyaGs/9hnylKDJ9Ygoli9lZIRlhhYmxKK1siMXVdm8r36/B/0ix6fuCVb1GhdrXMJwdOwRm4AD6ogBq4AXXQAATE4BE8gWfnwXlxXp23Reuas5w5AStw3r8AniuYNQ==</latexit>

n̂<latexit sha1_base64="ZQGKKlkkK+aD9IymqG6Z/9JcTuU=">AAAB/3icdVDLSsNAFJ34rKmPqrhyM1iFrkISTO2y6MZlBfuANpTJdNIOnUnCzEQooYJ7Ny7VD3Anbv0U1/6I04dgRQ9cOJxzL/feEySMSmXbH8bS8srq2npuw8xvbm3vFHb3GjJOBSZ1HLNYtAIkCaMRqSuqGGklgiAeMNIMhhcTv3lDhKRxdK1GCfE56kc0pBgpLTU7AYfDrtMtFG2rcmp7ngtty55CE8etuGUPOnOlWD14vL8tHedr3cJnpxfjlJNIYYakbDt2ovwMCUUxI2Ozk0qSIDxEfdLWNEKcSD+bnjuGJ1rpwTAWuiIFp+rPiQxxKUc80J0cqYH87U3Ev7x2qsKKn9EoSRWJ8GxRmDKoYjj5HfaoIFixkSYIC6pvhXiABMJKJ7SwJeBj09SpfL8O/ycN13LKlnel4zkHM+TAITgCJeCAM1AFl6AG6gCDIXgAT+DZuDNejFfjbda6ZMxn9sECjPcv7NuYQQ==</latexit>

k1

<latexit sha1_base64="bDkPbAtGSuwIPsSlTbe405+7c+4=">AAAB/3icdVDLSsNAFJ34rKmPqrhyM1iFrkISTO2y6MZlBfuANpTJdNIOnUnCzEQooYJ7Ny7VD3Anbv0U1/6I04dgRQ9cOJxzL/feEySMSmXbH8bS8srq2npuw8xvbm3vFHb3GjJOBSZ1HLNYtAIkCaMRqSuqGGklgiAeMNIMhhcTv3lDhKRxdK1GCfE56kc0pBgpLTU7AYfDrtstFG2rcmp7ngtty55CE8etuGUPOnOlWD14vL8tHedr3cJnpxfjlJNIYYakbDt2ovwMCUUxI2Ozk0qSIDxEfdLWNEKcSD+bnjuGJ1rpwTAWuiIFp+rPiQxxKUc80J0cqYH87U3Ev7x2qsKKn9EoSRWJ8GxRmDKoYjj5HfaoIFixkSYIC6pvhXiABMJKJ7SwJeBj09SpfL8O/ycN13LKlnel4zkHM+TAITgCJeCAM1AFl6AG6gCDIXgAT+DZuDNejFfjbda6ZMxn9sECjPcv7nCYQg==</latexit>

k2

<latexit sha1_base64="II0jYe5DSlxTCbe9KdXzcFaapxc=">AAAB/3icdVDLSsNAFJ3UV019VMWVm8EqdFWSaGqXRTcuK9gHtKFMptN2yEwSZiZCCRXcu3GpfoA7ceunuPZHnD4EK3rgwuGce7n3Hj9mVCrL+jAyS8srq2vZdTO3sbm1nd/ZbcgoEZjUccQi0fKRJIyGpK6oYqQVC4K4z0jTDy4mfvOGCEmj8FqNYuJxNAhpn2KktNTs+BwG3ZNuvmCVKqeW6zrQKllTaGI7FafsQnuuFKr7j/e3xaNcrZv/7PQinHASKsyQlG3bipWXIqEoZmRsdhJJYoQDNCBtTUPEifTS6bljeKyVHuxHQleo4FT9OZEiLuWI+7qTIzWUv72J+JfXTlS/4qU0jBNFQjxb1E8YVBGc/A57VBCs2EgThAXVt0I8RAJhpRNa2OLzsWnqVL5fh/+ThlOyyyX3SsdzDmbIggNwCIrABmegCi5BDdQBBgF4AE/g2bgzXoxX423WmjHmM3tgAcb7F/AFmEM=</latexit>

k3

• # of dof: 

• 3 3D  = 9 

• But cosmological principle: 

• –3 rotations (isotropy) 

• –3 translations (homogeneity)
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• # of dof: 

• 3 3D  = 9 

• But cosmological principle: 

• –3 rotations (isotropy) 

• –3 translations (homogeneity) 

• +2 angles w.r.t. line of sight 

• 5 dof

ki

Constructing bispectra

<latexit sha1_base64="KHVC7e7hZuBTN8QcI4qA/fRRh9s=">AAACCXicdVDLSsNAFJ3UV03VRsWVm8EqdBWSgo/uim5cVrAPaEKYTCft0MmDmYlQQvwB/QFxqx/gTtz6Fa79EaetgvVx4MLhnHu59x4/YVRIy3rTCguLS8srxVW9tLa+UTY2t9oiTjkmLRyzmHd9JAijEWlJKhnpJpyg0Gek44/OJn7ninBB4+hSjhPihmgQ0YBiJJXkGWVniCQceZntJIQnuWdULLNWr9ctG/4mtmlNUWns3N1eV/dLTc94d/oxTkMSScyQED3bSqSbIS4pZiTXnVSQBOERGpCeohEKiXCz6eE5PFBKHwYxVxVJOFW/T2QoFGIc+qozRHIofnoT8S+vl8rgxM1olKSSRHi2KEgZlDGcpAD7lBMs2VgRhDlVt0I8RBxhqbKa2+KHua6rVL5eh/+Tds20j8zDCxXPKZihCHbBHqgCGxyDBjgHTdACGKTgHjyAR+1Ge9KetZdZa0H7nNkGc9BePwBsk5xl</latexit>

k̂1⊥

<latexit sha1_base64="PXgtmGyMynVL/N3fgHwOt+0Gh/s=">AAACAXicdVC7SgNBFJ31GTc+omJlMxgEbZbdgI90QRvLCOYh2TXMTibJkJnZZWZWCGsqP8FK0M7GTmz9Emt/wQ9wkigYHwcuHM65l3vvCWNGlXbdV2tqemZ2bj6zYGcXl5ZXcqtrVRUlEpMKjlgk6yFShFFBKppqRuqxJIiHjNTC3vHQr10SqWgkznQ/JgFHHUHbFCNtpHO/izTsNf2rZi7vOoViseh68DfxHHeEfGn39mHj/SJbbube/FaEE06Exgwp1fDcWAcpkppiRga2nygSI9xDHdIwVCBOVJCODh7AbaO0YDuSpoSGI/X7RIq4Un0emk6OdFf99IbiX14j0e3DIKUiTjQReLyonTCoIzj8HraoJFizviEIS2puhbiLJMLaZDSxJeQD2zapfL0O/yfVguPtO3unJp4jMEYGbIItsAM8cABK4ASUQQVgwMENuAP31rX1aD1Zz+PWKetzZh1MwHr5AE1gml0=</latexit>

k̂∥

<latexit sha1_base64="74NSTcxG9fnJqiOHrKay0Dvyz1c=">AAACCXicdVDLSsNAFJ3UV03VRsWVm8EqdBWSgo/uim5cVrAPaEKYTCft0MmDmYlQQvwB/QFxqx/gTtz6Fa79EaetgvVx4MLhnHu59x4/YVRIy3rTCguLS8srxVW9tLa+UTY2t9oiTjkmLRyzmHd9JAijEWlJKhnpJpyg0Gek44/OJn7ninBB4+hSjhPihmgQ0YBiJJXkGWVniCQceVnNSQhPcs+oWGatXq9bNvxNbNOaotLYubu9ru6Xmp7x7vRjnIYkkpghIXq2lUg3Q1xSzEiuO6kgCcIjNCA9RSMUEuFm08NzeKCUPgxiriqScKp+n8hQKMQ49FVniORQ/PQm4l9eL5XBiZvRKEklifBsUZAyKGM4SQH2KSdYsrEiCHOqboV4iDjCUmU1t8UPc11XqXy9Dv8n7ZppH5mHFyqeUzBDEeyCPVAFNjgGDXAOmqAFMEjBPXgAj9qN9qQ9ay+z1oL2ObMN5qC9fgBuLpxm</latexit>

k̂2⊥

<latexit sha1_base64="LCGACJtddfQJz9BDetohx63PPj8=">AAACA3icdVDLSgMxFM34rOOr6tJNsAiuhkxLp3ZXdOOygn1Ap5RMmrahSWZIMkIZuvQT3OoHuBO3fohrf8T0IVjRAxcO59zLvfdECWfaIPThrK1vbG5t53bc3b39g8P80XFTx6kitEFiHqt2hDXlTNKGYYbTdqIoFhGnrWh8PfNb91RpFss7M0loV+ChZANGsLFSJxxhk4WRgHLayxeQ51dRsRxA5JUC5JeQJZVK2a8G0PfQHAWwRL2X/wz7MUkFlYZwrHXHR4npZlgZRjidumGqaYLJGA9px1KJBdXdbH7yFJ5bpQ8HsbIlDZyrPycyLLSeiMh2CmxG+rc3E//yOqkZXHYzJpPUUEkWiwYphyaGs/9hnylKDJ9Ygoli9lZIRlhhYmxKK1siMXVdm8r36/B/0ix6fuCVb1GhdrXMJwdOwRm4AD6ogBq4AXXQAATE4BE8gWfnwXlxXp23Reuas5w5AStw3r8AniuYNQ==</latexit>

n̂<latexit sha1_base64="ZQGKKlkkK+aD9IymqG6Z/9JcTuU=">AAAB/3icdVDLSsNAFJ34rKmPqrhyM1iFrkISTO2y6MZlBfuANpTJdNIOnUnCzEQooYJ7Ny7VD3Anbv0U1/6I04dgRQ9cOJxzL/feEySMSmXbH8bS8srq2npuw8xvbm3vFHb3GjJOBSZ1HLNYtAIkCaMRqSuqGGklgiAeMNIMhhcTv3lDhKRxdK1GCfE56kc0pBgpLTU7AYfDrtMtFG2rcmp7ngtty55CE8etuGUPOnOlWD14vL8tHedr3cJnpxfjlJNIYYakbDt2ovwMCUUxI2Ozk0qSIDxEfdLWNEKcSD+bnjuGJ1rpwTAWuiIFp+rPiQxxKUc80J0cqYH87U3Ev7x2qsKKn9EoSRWJ8GxRmDKoYjj5HfaoIFixkSYIC6pvhXiABMJKJ7SwJeBj09SpfL8O/ycN13LKlnel4zkHM+TAITgCJeCAM1AFl6AG6gCDIXgAT+DZuDNejFfjbda6ZMxn9sECjPcv7NuYQQ==</latexit>

k1

<latexit sha1_base64="bDkPbAtGSuwIPsSlTbe405+7c+4=">AAAB/3icdVDLSsNAFJ34rKmPqrhyM1iFrkISTO2y6MZlBfuANpTJdNIOnUnCzEQooYJ7Ny7VD3Anbv0U1/6I04dgRQ9cOJxzL/feEySMSmXbH8bS8srq2npuw8xvbm3vFHb3GjJOBSZ1HLNYtAIkCaMRqSuqGGklgiAeMNIMhhcTv3lDhKRxdK1GCfE56kc0pBgpLTU7AYfDrtstFG2rcmp7ngtty55CE8etuGUPOnOlWD14vL8tHedr3cJnpxfjlJNIYYakbDt2ovwMCUUxI2Ozk0qSIDxEfdLWNEKcSD+bnjuGJ1rpwTAWuiIFp+rPiQxxKUc80J0cqYH87U3Ev7x2qsKKn9EoSRWJ8GxRmDKoYjj5HfaoIFixkSYIC6pvhXiABMJKJ7SwJeBj09SpfL8O/ycN13LKlnel4zkHM+TAITgCJeCAM1AFl6AG6gCDIXgAT+DZuDNejFfjbda6ZMxn9sECjPcv7nCYQg==</latexit>

k2

<latexit sha1_base64="II0jYe5DSlxTCbe9KdXzcFaapxc=">AAAB/3icdVDLSsNAFJ3UV019VMWVm8EqdFWSaGqXRTcuK9gHtKFMptN2yEwSZiZCCRXcu3GpfoA7ceunuPZHnD4EK3rgwuGce7n3Hj9mVCrL+jAyS8srq2vZdTO3sbm1nd/ZbcgoEZjUccQi0fKRJIyGpK6oYqQVC4K4z0jTDy4mfvOGCEmj8FqNYuJxNAhpn2KktNTs+BwG3ZNuvmCVKqeW6zrQKllTaGI7FafsQnuuFKr7j/e3xaNcrZv/7PQinHASKsyQlG3bipWXIqEoZmRsdhJJYoQDNCBtTUPEifTS6bljeKyVHuxHQleo4FT9OZEiLuWI+7qTIzWUv72J+JfXTlS/4qU0jBNFQjxb1E8YVBGc/A57VBCs2EgThAXVt0I8RAJhpRNa2OLzsWnqVL5fh/+ThlOyyyX3SsdzDmbIggNwCIrABmegCi5BDdQBBgF4AE/g2bgzXoxX423WmjHmM3tgAcb7F/AFmEM=</latexit>

k3

<latexit sha1_base64="ROvEIsmJca6Eg0mNxg8Ni9EKxP4=">AAACAHicdVC7SgNBFJ31GTc+omJlMxiFVMtuwEe6oI1lBPOAZAmzk9lkyMzuMnNXCCEW1lZ2oh9gJ7b+ibU/4iRRMD4OXDiccy/33hMkgmtw3Tdrbn5hcWk5s2JnV9fWN3KbWzUdp4qyKo1FrBoB0UzwiFWBg2CNRDEiA8HqQf9s7NevmNI8ji5hkDBfkm7EQ04JGKnRgh4D0vbaubzrFEulkuvh38Rz3Any5Z372+vCfrbSzr23OjFNJYuACqJ103MT8IdEAaeCjexWqllCaJ90WdPQiEim/eHk3hE+MEoHh7EyFQGeqN8nhkRqPZCB6ZQEevqnNxb/8pophCf+kEdJCiyi00VhKjDEePw87nDFKIiBIYQqbm7FtEcUoWAimtkSyJFtm1S+Xsf/k1rR8Y6cwwsTzymaIoN20R4qIA8dozI6RxVURRQJdIce0KN1Yz1Zz9bLtHXO+pzZRjOwXj8AfyWZMQ==</latexit>

θ1

<latexit sha1_base64="SkHRV+6Yzz6VYOKDzKV0ZSIzL8I=">AAAB/HicdVDLSsNAFL3xWeOr6lIXg0VwFZKCj+6KblxWsA9oQ5lMJ83QmSTMTIRS6ie41Q9wJ279F9f+iJNUwfo4cOFwzr3ce0+Qcqa0675ZC4tLyyurpTV7fWNza7u8s9tSSSYJbZKEJ7ITYEU5i2lTM81pJ5UUi4DTdjC6zP32LZWKJfGNHqfUF3gYs5ARrHOpl0asX664TrVWq7ke+k08xy1QqR9AgUa//N4bJCQTNNaEY6W6nptqf4KlZoTTqd3LFE0xGeEh7RoaY0GVPylunaIjowxQmEhTsUaF+n1igoVSYxGYToF1pH56ufiX1810eO5PWJxmmsZktijMONIJyh9HAyYp0XxsCCaSmVsRibDERJt45rYEYmrbJpWv19H/pFV1vFPn5NrEczGLB0qwD4dwDB6cQR2uoAFNIBDBPTzAo3VnPVnP1susdcH6nNmDOVivH+xOlbE=</latexit>
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Comparing bispectra
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Figure 1. [Caption.]

�
2
BX

(k1j , k2m, k3n, µ1a, �b; z̄i) =
sB

NB

P̃X(k1j , µ1a; z̄i) P̃X(k2m, µ2abjnm; z̄i) P̃X(k3n, µ3abjmn; z̄i) ,

(4.3)

where the ridiculous index list for µ2 and µ3 marks the fact that they are fully determined
once the three wave-numbers, the direction µ1, and the orientation are given; and, as such,
they depend upon all those binning schemes. The quantities at denominator, NP and NB,
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with kf = 2 ⇡ V
�1/3 being the fundamental frequency in each redshift bin, given V (z̄i) =

4 ⇡/3 [r3(z̄i � �z/2) � r
3(z̄i + �z/2)] the comoving volume available in a bin of width �z

centred on z̄i (assuming full sky coverage for simplicity). Finally, sB is a coe�cient respec-
tively equal to 6, 2, 1 for equilateral, isosceles, and scalene triangles, which accounts for their
multiplicity. Let me also emphasise that most of the quantities entering the variance are
redshift-bin dependent, like kf(z̄i). In Eqs. (4.2) and (4.3),

P̃X = PX +

(
1/n̄g(z̄i) if X = �

�
2
v/n̄v(z̄i) if X = {u, p}

, (4.6)
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Figure 1. [Caption.]
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is the observed power spectrum, including noise. As introduced in Eq. (2.8), n̄g is the
comoving number density of galaxies. Similarly, n̄v is the comoving number density of galaxies
for which peculiar velocity data is available, and �

2
v is the intrinsic dispersion of galaxy

peculiar velocity measurements.2

I adopt a linear binning in wave-numbers, with both the largest scale, kmin, and the step
size, �k, set equal to the fundamental frequency; the same binning is used for all sizes of
bispectrum triangles, i.e. �kl = �km = �kn = �k. Then, for the power spectrum the only
degree of freedom left is the direction of the wave-vector with respect to the line of sight,
which sets the number of ‘clustering wedges’, with centres µ1a. For these, I keep constant
width �µ1 = 0.2. On the other hand, the bispectrum also has to obey the closure relation
k123 = 0, and the chosen ordering k1 � k2 � k3. Having already defined the binning in
wave-numbers and µ1, the only one left is that on orientation, for which I fix �� = ⇡/5.
Such choices result into ten equi-spaced angular bins (both in µ1 and �), having checked that
the performance does not vary significantly even if I consider five times as many bins both
in µ1 and �. Furthermore, to avoid double counting information from the same triangles,
the angular ranges considered are strictly �1  µ1 < 1 and 0  � < 2 ⇡ [3]. Finally, it
is worth noting that degenerate triangles call for a special care, again to avoid including
spurious information [4]. For this reason, I decided to take a conservative approach and do
not include them at all in the analysis. From what discussed about the signal dependence
upon squeezed triangles (see Fig. 1), this is not going to be an issue for the peculiar velocity
bispectrum, contrarily to case of the galaxy clustering bispectrum.

Then, to assess the information content of the newly proposed peculiar velocity bispec-
trum, I perform an information matrix analysis in terms of its sensitivity to the growth rate,
f . In general, for a given set of parameters of interest, # = {#↵}, the per-bin information
matrix is given by

I
(⇧,X)
↵�

(z̄i) =
@⇧H

X
(z̄i)

@#↵

C
�1(z̄i)

@⇧X(z̄i)

@#�

, (4.7)

where @⇧X/@#↵ encodes the sensitivity of ⇧X to parameter #↵. In addition to f , I also in-
clude nuisance parameters for the galaxy biases, and others to account for any residual shot
noise in the power spectrum and bispectrum; in other words, # = {f, b1, b2, bG2 , Pshot, Bshot}.3

Note that all parameters are allowed to vary freely in each redshift bin. Once the information
matrix is known, constraints on measurements of the parameters of the set can be readily
forecast. Specifically, the precision with which the ↵th parameter can be inferred by polyspec-
trum ⇧ measurements, once marginalised over all other parameters, is �⇧(#↵) =

p
(I�1)↵↵.

As described in Eq. (4.6), the noise term for peculiar velocities does not depend on
the sample number density alone, but also on the dispersion of peculiar velocity data, which
has an intrinsic scatter, plus possible systematic contributions depending on the method with
which peculiar velocities are inferred. Therefore, I choose to present results for the SNR of the
bispectrum and forecast constraints on the growth rate not as a function of noise itself, but
rather as a function of the SNR of measurements of the corresponding power spectrum. This
is done in two steps. First, I compute SNRs for power spectra and bispectra of both galaxy
clustering and peculiar velocities in a wide interval of values of the noise power spectrum,

2This is analogous to what happens in weak lensing cosmic shear analyses, where the shot-noise term is
given by the galaxy number density weighted by the intrinsic scatter of ellipticity measurements, �2

✏ .
3The peculiar velocity bispectrum, being independent on galaxy bias parameters, will thus be insensitive

to them and its information matrix will therefore lack the corresponding entries. Similary, the momentum
density bispectrum will only depend on the linear galaxy bias, b1.
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